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Abstract 



We discuss semiclassical expansions around a class of classical string configurations lying in 

AdSa X S^ using the Pohlmeyer-reduced from of the AdSs x S^ superstring theory. The Pohlmeyer 

t*H| reduction of the AdSs x S^ superstring theory is a gauged Wess-Zumino-Witten model with an 

(-H ' integrable potential and two-dimensional fermionic fields. It was recently conjectured that the 

quantum string partition function is equal to the quantum reduced theory partition function. 

^sj , Continuing the previous paper (arXiv:0906.3800) where arbitrary solutions in AdS2 x S^ and ho- 

I^ ' mogeneous solutions were considered, we provide explicit demonstration of this conjecture at the 

one-loop level for several string solutions in AdSs x S^ embedded into AdSs x S^. Quadratic 

^f) . fluctuations derived in the reduced theory for inhomogeneous strings are equivalent to respective 

\l \ fluctuations found from the Nambu action in the original string theory. We also show the equiva- 

lO ' lence of fluctuation frequencies for homogeneous strings with both the orbital momentum and the 

^^ ■ winding on a big circle of S^. 
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1 Introduction 

With a motivation to understand quantum AdSs x S^ superstring theory, here we discuss semiclassical 



PSJ7(2,2|4) 
5p(2,2)x5p(4)- 



quantization of the Pohlmeyer-reduccd form of a cosct signia model on 

The Pohlmeyer reduction was proposed to show that the equation of motion of the chiral S^ sigma 
model is reduced to the sin-Gordon equation [1]. The application of this technique to conformal- 
gauge bosonic string theory includes uncovering the integrability of classical string motion in de Sitter 
spacetime [2] and finding classical string configurations localized in subspace of AdSs x S^ [4, 5, 6, 
7, 8, 9, 10] as the integrable property gives us powerful methods to generate soliton solutions in the 
reduced theory and the string solution can be constructed from a solution in the reduced theory. In 
particular string theory in R x S"^ and string theory in AdSs x S^ are reduced to the complex sin- 
Gordon model and the complex sinh-Gordon model, respectively, and the latter is the case which we 
consider in this paper. More recently the Pohlmeyer reduction of AdSa string theory was used in 
evaluating the minimal area of an open string surface ending on null Wilson loop, which is related to 
the strong-coupling limit of A/" = 4 super Yang-Mills theory [11, 13, 14]. For this sector it is known 
that the reduced form is the generalized sinh-Gordon model. Although one can easily switch off the 
S^ sector of most of the classical string solutions stretching in AdSa x S^, the relation between the 
complex sinh-Gordon model and the generalized sinh-Gordon model is understood only at the level of 
equation of motion.^ Open string solutions stretching in AdSn with n > 3 or AdSa x S^ are discussed 
in [12, 13, 14, 15]. 

The Pohlmeyer- type reduction of the full AdSs x S^ superstring sigma model was proposed in 
[16, 17, 18]. Type IIB Green-Schwarz superstring action in AdSs x S^ can be formulated as a sigma 
model action on the coset superspace F/G — PSU{2, 2|4)/(5p(2, 2) x 5*^(4)) [19]. In the construction 
of the reduced theory, new variables are algebraically related to supercoset current components and 
the Virasoro conditions arc automatically solved, and the local fermionic k symmetry is fixed. The 
resulting system is expressed as gauged Wess-Zumino-Witten (gWZW) model associated with G/H — 
{Sp{2, 2) X Sp{4:)) / [SU (2)]'*' and deformed with an integrable potential and two dimensional fermionic 
fields. The reduced Lagrangian exhibits the two-dimensional Lorentz invariance, and after integrating 
out the gauge fields, the reduced theory involves 8 bosonic degrees of freedom and 16 fermionic degrees 
of freedom, i.e., involves only physical degrees of freedom. The deformed gWZW model possesses the 
mass scale /i which is to be extracted from the stress tensor in the AdS sector of the original string 
theory, 

r^f = V±. (1.1) 

Because the closed string theory is defined on a cylinder rather than a plane. One is not allowed to 
use the 2d Lorentz symmetry in order to set /i+ = /i_ . Even for the /i+ ^ /i_ case, however, we can 
use a single fj. defined by ^ = ^JJl^JJZ? 



^In the reduced theory the case of no motion or no stretching in S^ corresponds to taking /i — > where /i is the mass 
scale of the reduced theory. It is pointed out in [18] that one may be able to take this limit at the level of the gWZW 
Lagrangian of the full reduction, but so far, the /i — > limit at the level of classical Lagrangian is not well understood. 
As we will see later, this limit is well defined in the fluctuation Lagrangian. 

^ Equivalently we obtain fi± from the other sector, T"^^ = /i^, since they are connected by the Virasoro constraints, 
jiAdS _|_ JJ_|_ = 0. As far as the sector of AdSs X S^ is concerned, it is more convenient to calculate fj,± in the S^ sector 
due to its simple structure. To be precise, /i± are not necessarily constant because the conservation of the stress tensor 



Since confornial invariance on the string worldsheet plays a crucial role in the Pohlmeyer reduction, 
the classical equivalence of the original AdSs x S^ superstring theory and the deformed gWZW model 
can be extended to the quantum level only if the two theories are UV finite. In fact the UV finiteness 
of the AdSs x S^ superstring sigma model was proved up to two-loop order [20, 21, 22], and the reduced 
theory is also UV finite at the same order [23]. In [24] we conjectured that the quantum partition 
functions of the original string theory and the reduced theory are equal, 

string theory reduced theory 7 V^'^7 

and demonstrated its validity at the one-loop level for any strings localized in the AdS2 x S^ subspace, 
the homogeneous folded string in AdSa x S^, and the homogeneous circular two-spin string in Ri x S"^. 
In this class the classical solutions always have /i-|- = fi-, then we immediately have fi = /i± in the 
reduced theory. 

The purpose of this paper is to verify the conjecture (1.2) for more nontrivial string solutions in 
AdSa X S^ by deriving their fluctuation Lagrangians in the reduced theory and comparing them to the 
string theory result. Also we shall show the equivalence of fluctuation frequencies for homogeneous 
string solutions and the smoothness of the /^ — > limit at the level of the fluctuation Lagrangian for 
all cases. Because the reduced theory has a simpler quantum structure than the original string theory, 
semiclassical computation in the reduced theory is turned out to be much easier for both bosons and 
fermions. Among many classical string configurations stretching in the AdSa x S^ subspace we shall 
consider the folded string, the circular string and the spiky string. 

This paper is organized as follows. 

We shall begin with a brief review on the Pohlmeyer reduction and its perturbation theory in 
section 2. For the bosonic string theory in AdS3 x S^ one can explicitly write the relation between the 
embedding coordinates in the original string theory and two fields of the reduced theory. There we 
will introduce two reduced models called the coth model and the tanh model, which are connected by 
the "T-duality" transformation. We shall show that these two models are embedded in the reduced 
model of the AdSs x S^ superstring theory and are related by the H x H gauge transformation rather 
than the H gauge transformation in the full reduction.^ 

In section 3 we shall discuss the {S, J) folded string. A folded string in pure AdSs was first studied 
as the simplest string state whose classical energy grows logarithmically with the spacetime spin in 
AdSa [25], and soon after, this solution was extended to the {S, J) folded string solution in AdSa x S^ 
where the S^ sector is the pointlike string moving along a big circle of S^, i.e., the BMN state [26]. 
Its quadratic fluctuations were found from the Nambu action in the static gauge and in the Polyakov 



implies d±T^j. = 0, i.e., T^^^ = —[f±io')]'^- So we can not set T*j|.° to be constant without using the 2d conforrnal 
invariance. All examples of string solutions in this paper are the case of constant ij,±, and we do not encounter this 
problem. 

One possibility to find a solution with nonconstant ij,± is to employ the ansatz d-X = and d-Y = with d+X ^ 
and a+y 7^ 0. With this choice the stress tensor is T'^'^ = T^^ = and Tfl^ = -~T^_ = -[/(o-")P, i.e., we have 
/^+ = and /I- = f(cr^). 

■^Here we have H = [5(7(2)]^. Because H X H is the symmetry of the equations of motion for the reduced theory, 
the coth model and the tanh model are not connected at the level of the gWZW Lagrangian. This is the same as the 
situation in the complex sinh-Gordon model. The T-duality transformation is defined at the level of the sinh-Gordon 
equations. 



action in the conformal gauge [26, 27], and the equivalence of these two approaches was shown at the 
one-loop level in [28] . Here one may ask which type of the fluctuation Lagrangian arises in the reduced 
theory. We shall show the fluctuation Lagrangian derived from the Nambu action is related to that of 
the coth model. 

In section 4 we shall study the homogeneous (5*, J) circular string solution which has both the 
angular momentum and the winding on a big circle of S^, and gives us the first example of /i+ 7^ /i_. 
In [29, 30, 31] semiclassical expansions around the circular string were worked out, and in particular, 
its fermionic fiuctuations are evaluated by carrying out the worldsheet computation in [30] and by 
employing the algebraic curve method in [31].^ We shall show the fluctuation Lagrangian of the reduced 
theory agrees with [30]. Because the circular string is homogeneous, we can evaluate characteristic 
frequencies of its quadratic fluctuations also in the reduced theory. In the case of the {S, J) circular 
string the total sum of the bosonic and fermionic frequencies in the reduced theory agrees with the 
string theory result although some of the individual frequencies appear to disagree. 

A spiky string solution in AdSs was first found in [35] as a generalization of the folded string 
solution, and extended to a solution stretching in AdSa x S^ in [36]. In section 5 we shall discuss the 
{S, J) spiky string solution and derive its fluctuation Lagrangian of the reduced theory. Our result on 
the semiclassical expansions for the (S, J) spiky string is expected to agree with the one in the original 
string theory. As the {S,J) spiky string solution is also the case of /i+ 7^ fi-, we consider that the 
discrepancy could happen for the individual fluctuations, but the total sum the fiuctuations should be 
the same as in the string theory. We shall also discuss the fluctuation Lagrangian in the limiting cases 
of the (5, J) spiky string; spiky string without motion or stretching in S^, and its folded string limit. 

In the large spin limit, spikes of the spiky string approach the conformal boundary of AdSa, and 
the solution becomes locally equivalent to the scaling limit of the folded string. The existence of this 
homogeneous limit is shown in [36] where the expression for its string energy is similar to that for the 
homogeneous {S, J) folded string. A generalization of the {S, J) folded string solution leads to the 
explicit construction of another limiting solution of the (S, J) spiky string; the new folded string has 
both the orbital momentum and the winding in the S^ sector [37]. This solution again has the scaling 
limit where the solution becomes homogeneous, which is the case we shall study in section 6. As 
happened in the circular string case, some individual characteristic frequencies in the reduced theory 
disagree with the result in [37] , but the sum of the frequencies is the same as in the string theory. 

Some concluding remarks are made in section 7. 

The psu(2,2]4) superalgebra is summarized in appendix A, which will be used when we introduce 
component fields of the fluctuations in the reduced theory. In appendix B we shall study fiuctuations 
around the pulsating string solution [38, 39] in R x S^ in the reduced theory. Since the reduced theory 
for the Rx S^ string theory is the sin-Gordon model for a single field, one can check that the fluctuation 
Lagrangian of the reduced theory is exactly the same as that found from the Nambu action in the 
original string theory. 



''The sum over fermionic frequencies should be taken over integer mode number in the former approach or half-integer 
mode number in the latter approach. It was shown in [32] that this discrepancy is resolved by carefully considering the 
spin bundle over the AdSs x S^ spacetime in the worldsheet computation. 



2 Review of Pohlmeyer reduction 

In this section we shall describe the perturbation in the reduced Lagrangian. In 2.1 wc shall first 
review the Pohlmeyer reduction of bosonic string theory in AdSs x S^, and particularly, focus on two 
reduced models called the coth model and the tanh model of the complex sinh-Gordon theory, which 
are related by the "T-duality" transformation as discussed in detail in [16] for the case of complex sin- 
Gordon model. Then we shall derived the Lagrangian for quadratic fluctuations in the both models. 
In 2.2 we shall review the perturbation in the deformed gWZW model studied in [24], and discuss the 
embedding of the coth model and the tanh model into the full reduction. 

2.1 Pohlmeyer reduction of bosonic string theory in AdSs x S^ 

Our starting point is the worldsheet Lagrangian for a bosonic string propagating in AdSa x S^ spacetime, 

£ = £Ads+>Cs, (2.1) 

with 

^Ads = d+yPd-Yp - A [yPYp + 1) , 

Cs = d+X^'d-XM - A {X^Xm - 1) , 

where d± = 9r±9<j and the contraction is defined by using -q — diag(— 1, 1, 1, —1) for P,Q,- ■ ■ — 0, 1, 2, 3 
indices (AdSa sector) and S — diag(l, 1) for M, A^, • • • = 1, 2 indices (S^ sector). 

Reflecting the fact that the S^ sector of a string solution in AdSa x S^ is always homogeneous, the 
AdS part of the stress tensor satisfies T^^ = —n\ with constant ii±. Because the worldsheet of a 
closed string is a cylinder, it is not necessarily allowed to set /i+ — ji- = /i.^ Instead we introduce the 
mass scale in the reduced theory by /x = ^fi+ji^. This prescription will be used in the case of classical 
string with both the orbital momentum and the winding in the S"'^ sector (see sections 4, 5, 6). 

In the case of the AdSa x S^ bosonic string theory, we can explicitly write the relation between the em- 
bedding coordinates and scalar fields of the reduced theory. Let us first look at the construction of the 
coth model. Introduce a set of 0(2,2) vectors by Yp^ d+Yq, d-Yp and Kp = egpspY'^d+Y^d-Y^ , 
and define (j) and 0^ by 

d+Y^d^Yp = -^i^cosh2(t)^ , 

Kp^lYP^A^l^ cosh" 4>^d±XA. 

then these (j)^ and Xa satisfy the complex sinh-Gordon equations. 



(2.3) 



d+d-(t)^ + Xt4^ d+x^d-XA + ^f^^ sinh20^ = , 



(2.4) 



a+(coth^ (j)^ 3_Xa) + 9_(coth^ (f)^ O+Xa) = , 
which follow from the Lagrangian of the coth model, 

>Ccoth = d+(t)^d-(j)^ + coth^^ Q+XaQ-Xa - 2^^ cosh2(/)^ . (2.5) 



'We have /i_|_ = fi— in several cases, e.g., when the S-*^ sector is the BMN vacuum. 



As we will see in the following sections, the perturbation in the complex sinh-Gordon model describes 
a part of the fluctuations in the deformed gWZW model. Moreover, it can be a useful tool for 
evaluating a complicated subscctor of the physical fluctuations in the deformed gWZW model. By the 
perturbation, (j)^ ~> (f>^ + 5(j)j^ and Xa ^^ Xa + ^Xa i i^^ (2-5) we obtain the quadratic fluctuations, 

+ coth20^ d+Sx^d^Sx^ - ^^^{d+XA^-^XA + d+Sx^d^XA)^'pA ■ 
Another model of the complex sinh-Gordon theory is the tanh model obtained by replacing (2.3) by 






(2.7) 



The resulting equations describe the tanh model. 



d,d ^ - ''"'"^■^ fl a a a _l 1 ,,2 



'+^-'^. - I^S^5+^.5-^. + 5M'sinh2</), =0, 
a+(tanh2(/)^ d-B^) + ^^(tanh^t/)^ 9+61^) = , 



(2.8) 



whose Lagrangian is 



Aanh = d+(l)^d-(j}^ + tanh^(/)^ d+O^d-O^ - -/i^ cosh 20^ . (2.9) 



As pointed out in [16] for the complex sin-Gordon model, these two models are related at the level of 
equations of motion by the "T-duality" transformation, 

9±Xa =Ttanh20^a±0^. (2.10) 

Because this transformation is non-local, a classical solution in the reduced theory might take a com- 
plicated form in one model even if it is simple in the other model. 

It is also useful to discussing the perturbation in the tan model. By cfy^^ — > cf)^ +^4)^ and 9^ -^ 9^ +'^^a 
in (2.9), we obtain the Lagrangian for the quadratic fluctuations. 



Aa„h(2) = d+Sc^^d^Scj,, + { \12Ua" 9+9,9^9, - M'cosh20,) {Sc^.f 
+ tanh2</), d+S9,d^6e/+ l^{d+e,d-S9, + 8+69,0-6, 



(2.11) 



Note that the the T-duality transformation works even at the semiclassical level, that is, (2.11) is 
T-dual to (2.6), which we will use in section 3. 

On general ground there is no reason to expect that the complex sinh-Gordon theory is equivalent 
to the AdSa x S^ bosonic string theory at the quantum level. As far as the one-loop corrections are 
concerned, on may think this expectation might be true because the first order corrections directly 
follow from the equations of motion. However, this is not correct for the case of fi+ ^ ^-, and it is 
necessary to take into account all the bosonic and fermionic fiuctuations in order to obtain a correct set 
of physical fluctuations, which implies that the full reduction of the AdSs x S^ superstring is essential 



to extend the classical equivalence between string theory and its Pohlmeycr-reduced form into the 
semiclassical level. 

2.2 Pohlmeyer reduction of AdSs x S^ superstring 

First we shall start with a brief summary of the construction of the reduced theory for the AdSs x S^ 
superstring theory. See [16, 18, 24] for its detail. 

The Lagrangian for the superstring in AdSs x S^ can be written in terms of the ^ supercoset current 
components, where F = PSU{2, 2|4) and G = Sp{2, 2) x 5^(4) (the psu(2, 2|4) superalgebra is reviewed 
in appendix A). The variation of the Lagrangian yields a set of equations of motion, supplemented 
by the Virasoro constraints and the Maurer-Cartan equation. The Pohlmeyer reduction includes the 
processes of introducing new fields such that the Virasoro constraints are automatically solved and 
of fixing the k symmetry for the fcrmionic currents. The resulting system is governed by a group 
element g £ G, gauge fields A± taking value on the algebra () of the group H — [SU{2)]'^, and 16 
two-dimensional fermions ^„ G f^, ^^^ G fs, which satisfy the following equations, 

a_ {g-^d+g + g-^A+g)-d+A^ + [A^,g-'d+g + g-^A+g] 

^ -t? [g-'Tg,T] /i [g-^^,g,^,] , (2.12) 

D-^„ = M [r,g-i*,5] , D+^, = ^ [T, .9*^9-1] , 

where D± = d± + [A± , ] . T is a constant matrix chosen to be 

T='- diag (1, 1, -1, -1, 1, 1, -1, -1) . (2.13) 

The equations (2.12) have H x H gauge symmetry. 



g^h-^gh, A+^hr'^A+h + hr'^d+h, A^ ^ hr^A^h + hr^d-h 
\1>^ -> /i"i*„/i, *^^/i"i*^/i, h,heH. 



(2.14) 



In order to write down a Lagrangian for the equations of motion (2.12) we should partially fix the 
H X H gauge symmetry to a H gauge symmetry as in [24] , 

t{A+) = {g-'d+g + g-'A+g - ^[[T,^„],^,])^ , 
T-HA-) = {-d^gg-' + gA^g-^-^^[[T,^,],^,])^. 

Here r is a supertrace- preserving® automorphism of the algebra f) . This partial gauge fixing reduces 
the H X H gauge symmetry to the following asymmetric H gauge symmetry, 

g ^ h-^gT{h) , 

A+^h-^A+h + h-^d+h, A^ -^ T {h)~^ A^T (h) + T (hy^ d-T (h) , (2.16) 

where f is a lift of t from 1) to H. The equations of motion, (2.12), and the gauge field equations. 



= STr (r («i) T {U2)) = STr («i«2), "1,2 £ f)- 



(2.15), follow from the Lagrangian, 

idwzw = igwzw + ^J■^ STr(,g"^TgT) 

+ iSTr(vl/^ [T,D+^,] + ^, [T,D^^J) + ^,STT {g-'^ ,g^,] 

where £gwzw is the Lagrangian of the asymmetrically gauged G/H WZW model, 

I ^STrig-'d+gg-'d-g) - J ^STT{g-'dgg-'dgg-'dg) 

+ J ^STr {A+ d^gg-' - A_ g-'d+g - g-'A+gA_ + r (A+) A_) . 



(2.17) 



igWZW 



(2.18) 



This Lagrangian is invariant under the gauge transformations (2.16). 

Let us now consider the fluctuations around a classical solution, ^Qj ^o±j ^hO, ^^Oj a-s follows 

9 = ffoe" = go(l + ?? + ^J?' + Oiif)) , 

A+ = A+a + SA+ , A_ = ^_o + SA^ , (2.19) 

*« = *«o + (5*„ , f^ = *^o + <5*^ . 

Hereafter we will consider classical solutions with vanishing fermions, i.e., ^^o = ^i,o = 0. Under this 
perturbation the quadratic fluctuations of the Lagrangian for the deformed gWZW model (2.17) are 
described by 



f = STr 

'-'dWZW(2) ^ 



\d+rjd-ri + \ (rjd-ri - d--qvi) g^^d+go + SA+g^d-rigQ^ - ^Ao+god-r]r]g^^ 
+ ^Ao+9oVd-V9o^ + ^A_f]gQ^d+go - SA^g^^d+gnV - SA_d+r] + Ao^Tjg^^d+gof] 
+ ^Ao-T]d+'n - \AQ_Tfg^^d+gQ - ^Ao^g^^d+goT]'^ - ^Ao-d+i]r] + 5A+SA_ 

-Wdo^^^+S^o- - 55cr^^o+go»7^^o- + W(7^M+.go^o- + V9q^Ao+9oV^o- 
+773(7 Mo+.goM_ - g^^SA+gor]Ao- - g^'^SA+goSA^ - gi^^AQ+garjSA^ 
+IJ.^{lv^go'TgoT + ^o'TgoV^T - ^g^^TgovT) 

+ ^S^, [T,d-S^, + [Ao-,S'i'J] + iJM/, [T,d+S^, + [Ao+,S^,]]+^ig^'S^,goS'i>, 

(2.20) 
This Lagrangian was derived in [24] . 

In order to study fluctuations around a particular classical solution by using the reduced theory 
we need to find corresponding go, Aq± by fixing the G gauge and partially fixing the H x H gauge. 
Generally it is not easy to find a gauge such that go, Aq± solve the gauge equations (2.15) as well 
as they take a convenient form for extracting physical part of the perturbation. Moreover it becomes 
much harder if the classical string solution is inhomogeneous, which is the case we will discuss in this 
paper. One can circumvent this gauge fixing task by using an embedding of the complex sinh-Gordon 
model into the deformed gWZW model. 



Hence we shall next show how the complex sinh-Gordon model are realized in the context of 
Pohlmeyer reduction of the AdSs x S^ superstring theory. Because we are now interested in clas- 
sical solutions whose S^ part is in S^ of the S^, the S^ parts of go and ^o± are the vacuum solution, 
and accordingly, the bosonic fluctuations in the S^ sector are massive fields with the masses ±/i as 
shown in [24]. Hence we will focus on the AdS sector, then g^ and Aq± below always mean matrices 
for the AdS sector. 

A classical string solution in AdSa x S^ can be expressed as a classical solution g^ which takes value 
on SU{\, 1) in the gWZW model. One natural parameterization of su{\, 1) as a subalgebra of sp(2, 2) 
is 



Ri 



/ 1 \ 

10 

10 

\ 1 y 



i?2 



/ i \ 

-i 

i 

y -i j 



Rs 



f i \ 

-i 

i 

\ -i y 



Then the classical solution is expressed in terms of the Euler angles, (j)^ and Xa j 



50 = 525152, 51 = exp((/>^i?i), 52 = exp(-x^i?2) , 



and the matrix elements of go are written as. 



/ e^^A cosh( 



50 







sinh( 



V 





sinh( 





e^^^A coshf/)^ sinh0^ 

sinh0^ e*^^ cosh0^ 

e^'^^A cosh( 



/ 



The corresponding gauge fields are obtained by solving the gauge field equations (2.15), 



(2.21) 



(2.22) 



(2.23) 



Ao± = - a±i?2 , 



(2.24) 



where 



a+ = -coth^(p^d+XA 
a_ = coth 0^9_Xa 



(2.25) 



Plugging these into the gWZW Lagrangian in [16], one finds that the Lagrangian of the coth model, 
(2.5), is recovered. 

On the other hand the Lagrangian of the tanh model is obtained if we choose the following param- 
eterization of go, 



I 



50 = 







-e -icosh(/)^ 



e A sinh0^ 







e^^A cosh0^ 





-i0. 



sinh(/)^ 



-e^^sinhf/)^ 





-j8. 



cosh0^ 



\ 

e^'^^A sinh(/)^ 
— e'^^coshi/)^ 

/ 



(2.26) 



10 



The gauge equations (2.15) are solved by 



Ao± = 2 "±-^2 



where 



a. = -2 



cosh20^ d+d^ 
l+cosh2(/>. 



a_ = — sech (h. d-t 



(2.27) 



(2.28) 



Note that go and go &re related hy an H x H gauge transformation rather than an H gauge transfor- 
mation. One example of the H gauge transformation is 



9o^ 9o = h^^goha, 



(2.29) 



where 



hr = 



1 


-ei^^A 










e-¥ «. 
























3 

-e5 


I 





e 


-¥0a 






ie. 



hn = 



i»»A 














e^^A 














-e-5^^.4 














1 
-62 



j y -e^'^A y 

(2.30) 
Because the corresponding gauge fields (2.25) and (2.28) are not necessarily connected by the H x H 
gauge transformation, we should resolve the gauge equations (2.15) once we derive the new go. 

Below we will evaluate the fluctuations in the whole AdSs x S'"' around classical strings stretching in 
the AdSa x S^ subspace by using the embedding of the complex sinh-Gordon model into the deformed 
gWZW model, i.e., (2.26) and (2.23). Although go for the coth model is constructed by a standard 
gauging, the coth model has several issues when we calculate quadratic fluctuations, and we will mainly 
use the embedding of the tanh model. We will come back to this point in the case of the {S, J) folded 
string in the next section. 



3 Folded string 

In this section we shall evaluate the Lagrangian for quadratic fluctuations around the (S, J) folded 
string. In the original string theory the semiclassical expansions are carried out in the Nambu action 
in the static gauge and in the Polyakov action in the conformal gauge in [26], and the equivalence 
of these two approaches is shown in [28]. Although the Pohlmeyer reduced form of the AdSs x S^ is 
constructed from the conformal gauge string theory, it is expected that the fluctuation Lagrangian of 
the reduced theory takes a similar form to the effective Nambu action as both the reduced model and 
the Nambu action involve only the physical degrees of freedom after choosing a gauge. 

We shall derive the Lagrangian for bosonic fluctuations in 3.1 and the Lagrangian for fermionic 
fluctuations in 3.2. To compare our result with the original string theory we shall carry out the 
perturbation in the Nambu action in the static gauge, and show how this approach is related to the 
coth model and tanh model in the reduced theory in 3.3. 

Let us first review the (5, J) folded string in AdSa x S^ which is expressed in terms of the embedding 
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coordinates, 



Yo + iY^ = cosV e*''^ , Yi + iY2 = sinhp e'""^ , Xi + 1X2 = e'"^ , 



(3.1) 



where k, w and i^ are constants, and p is a function of cr, p = plc)- The equation of motion and the 
conformal gauge constrains read 



p" = (k^ — w^) sinhp coshp , 
p'^ = K^ cosh^p — ui^ sinh^p — ly^ . 



(3.2) 



Next we shall derive the corresponding classical solution in the reduced theory. The mass scale of 
the reduced theory /i can be found by observing the AdS part of the stress tensor. In the present case 
we have T^^ = —ly^ meaning that this is the case of p+ — f^-- Then we set 



p, = V . 



(3.3) 



We have two ways of the reduction, the embedding of the coth model or the embedding of the tanh 
model. As mentioned below it is more convenient to employ the tanh approach. The classical solution, 
0^ and 9^, in the tanh model is given by the relations in (2.7), 



i>A = log 



p' + \Jv^+p''^ 



(3.4) 



Substituting these into the formula of go and A± , we have 



ffo = 








.V 





--^ 


V'^ 







v^ 













V 



,vz+^ 





y*fL 





and the gauge field equations (2.15) are solved by the following A±Oj 



^±0 = -^ a±aR2 , 



where a±o are given by 



(3.5) 



(3.6) 



(3.7) 



The reason we use the tanh model here is as follows. If we plug the folded string solution (3.1) into 
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the reduction equation (2.3) with ii = v, wc obtain the classical solution of the coth model 

(3.8) 



^ log I p'+V-^'+p''' 






Here Xa can be expressed in an integral form. This can be also understood by substituting i/)^ into 
the relation of Xa ^^^d ^^ in (2.10). On the right hand side, d±9j^ is constant, but tanh^^ has the p(cr) 
dependence, and then, Xa ends up with the complicated form. 

As far as the calculation of the quadratic fluctuations is concerned, the expression of Xa in (3.8) does 
not seem to cause a serious problem because only its derivative, O+Xai appears in to the Lagrangian 
for the quadratic fluctuations if the H x H gauge is properly chosen. However, ^o for the coth model 
in (2.23) is not this case; due to the peculiar form of .go some components of %^d+gQ and %^AQ+gQ 
contain the e*-^^ factor, and consequently, the perturbed Lagrangian has the Xa dependence. Of course 
this e^^A factor can be removed from the perturbed Lagrangian by redefinition of fluctuation fields, 
but such redefinition is highly nontrivial. Also, the form of go for the tan model in (2.26) is very 
convenient to integrate out the gauge fields and decouple the physical fields from the unphysical fields. 
Therefore we will basically use the tanh model in the following sections. 

Before moving on to the semiclassical computation, let us add some remarks on the open string 
counterpart of the folded string solution in the scaling limit where the (S*, J) folded string solution 
becomes homogeneous. The {S,J) folded string in this limit was studied in the reduced theory [24]. 
In [33] it was shown that the two classical string solutions are connected by the 50(2,4) rotation and 
analytic continuation on the worldsheet r — > —it, and then, quantum corrections to the scaling function 
calculated in the open string picture are the same as those in the folded string picture.^ Because the 
isometry of AdSs, 50(2,4), becomes obscure by the Pohlmeyer reduction, any two solutions related 
by an 50(2,4) transformation are encoded into a single solution in the reduced theory. Hence we 
obtain a reduced theory solution corresponding to the null cusp solution in the original theory by the 
analytic continuation t — > —it in go (3.5) (after taking the scaling limit, w ^- k and p ^^ la with 
K^ — v^ = f^). In general the equivalence of characteristic frequencies of the quadratic fluctuations in 
the reduced theory comes from that of the classical solutions go. Therefore, in the reduced theory, one 
can trivially check frequencies for the two classical solutions match. 

3.1 Bosonic fluctuations in reduced theory 

The argument for the S^ sector is the same as the case of the scaling limit studied in [24] . Four bosonic 
fluctuations in the S^ sector are massive fields with rn^ = v"^ . 

In the AdSs sector we shall discuss the bosonic fluctuations by using the tanh model for the above 
reason. To express the quadratic fluctuations in terms of components fields, let us introduce bosonic 



'^In [33] the equivalence of the closed string and the open string was shown for u = classically and seiniclassically. 
A f ^ open string solution can be easily constructed by adding the BMN vacuum in the S^ sector [21], which is the 
counterpart of the scaling limit of the (S, J) folded string (see also [37] for a folded string and its corresponding open 
string surface with both the orbital momentum and the winding in S^ of S^). 
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fields by 



V 



ai + ia2 0.3 + ia-A, \ 

as — io,i ^fli + i<i2 



oi — ia2 fls + 404 

\ aa — m4 — ai — ia2 

which correspond to physical fields in the reduced theory. 

/ ihi /i2 + ift-s 

— ft,2 + ihz —ihi 

ihi 

y -/i5 + iha 



■q = 






—ihi 



(3.9) 



(3.10) 



(5 A, 



V 



M_ = 



(a+5 + ia+e) v"^ 
—ia^4 
\ 



J 



(3.11) 



/ in,^^ (o+2 + io+s) 77^ \ 

— ia+1 

ia-|_4 

— (a+5 — 2a_(_6) f*^ - 

a_2 + io-3 

-m_i 

ia-4 a_5 + ia_g 

— a-5 + ii-e —ia^i I 

These are unphysical fields in the reduced theory and to be gauged away or integrated out from the 
fluctuation Lagrangian. 

One advantage of using go (2.26) is that the system decouples into two subsectors: One contains ai 
and 02 coupling to the diagonal parts of r/-^ and SA± , while the other contains 03 and 04 coupling to 
the off-diagonal components of 77^ and SA±. Hence, as done in the long string limit case in [24], we 
can fix the H gauge such that the physical fields a^ decouple from the unphysical fields. 



(a+2 - ia+3)v*'^ 


/ ia-i 

-a_2 + «a-3 


\ 



hi + hi ^ const . 



(3.12) 



which is the same as one of the three gauge conditions in the long string limit case in [24], and we 
should impose two more conditions. 



X wKiy^{h3 + he) + {v'^ + p'^) ( {u"^ + 2p'2) (a+2 + a+5) + u'^ (a_/i2 + d^h^, - a_2 - a^s) \ 
^(/i2 + /15) + (t^^ + p'^) [wfiv {d-h3 + d-he - a_3 - a^e) 



2 2 2/ 



+ (z.2 + p'2)(a_a+2 + a_a+5)) 



0, 



(3.13) 
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and 



\/{-w'^ +v'^ + p'2) {-K? + v'^ + p'2) 



WKv'^{-h2 + /15) - {v"^ + p'^) ((a+3 - a+e) (j^^ + 2p'2) + j/^ (-a_/i3 + a./ig + a-3 - a-e) ) 
+p' w"^ K^ v"^ {-h^ + he) + (y'^ + p'^) {wKv{—d-h2 + d-h^ + a_2 - a-5) 



= 0. 



Under this gauge choice the Lagrangian for a sector with ai and a2 is 



£1=2^ (a+a,9_a, - (i/2 + 2p'2) a^) 

i=l,2 



(3.14) 
(3.15) 



and the sector with 03 and 04 has the Lagrangian 
£2 = 2 



( 



d-a^d+a:, - (u^ + 2p'^ + ^ - f^^^) 4 + 9_a45+a4 



2'WKud- as 






04 — 1^^—1 



3li) K 



(1^"+P'") (>^2+p/2) 



72T^ I "4 



(3.16) 



This Lagrangian does not diverge at turning points of the folded string, i.e., at p' ~ 0. This observation 
is different from the case of i^ = in [26] . The long string limit case is recovered where we take w — > k 



and p — > £cr, and replace the conformal gauge constraint by k'^ — v"^ = 
Lagrangian yields the correct frequencies [27]. 

If we take z^ — > limit in (3.15) and (3.16), the Lagrangians become 

£1=2^ {d+a,d-a, - 2p'^a^) , 



In this limit the resulting 



(3.17) 



and 



£2 = 2 



d- 



-030+03 ^ 72 -a^ + 0-04(7+04 



(3.18) 



The sum of these two Lagrangians are the exactly the same as the Lagrangian (5.6) in [26], which is 
found by perturbing the Nambu action in the static gauge. We find oi and 02 correspond to Pi while 
03 corresponds to (f)^ and 04 is interpreted as a massless fluctuation denoted as ip in [26]. 

So far we have carried out the perturbation in the full reduced theory by embedding the tanh model 
into the gWZW model and shown that the perturbed Lagrangian takes the Nambu-Goto type in the 
original string theory. One may expect two of the fluctuations are captured by perturbing the tanh 
model directly. Plugging the folded string solution (3.4) into the fluctuation Lagrangian (2.11) and 
rescaling S6^ by 

^^, (3.19) 



1- 



j^2_j_p/2 
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then we have the following Lagrangian, 



Aanh = d-5(j)^d+6(t> 

' 2'WKi'd-5(p. 



2/ 



2wKi'dji-S(p. 



2w n^ 






(u- 



d-56,d+5e. 



iy2+p'2 



2(y+^_ 3w^K^ 



(7/2+p/2) 



2TT 



(3.20) 



Noticing that this Lagrangian takes the same form as (3.16), we find that S(j)^ and 69^ correspond to 
03 and 04, respectively. Hence it turns out that the perturbation in the tanh model describes the most 
complicated part of the bosonic fluctuation Lagrangian. This fact is useful when we consider more 
complicated classical solutions (see sections 4, 5 and 6). 

3.2 Fermionic fluctuations 

For a consistency with the original string theory, the masses of the fermionic fluctuations in the 
reduced theory should match those in the original theory. We define component fields of the fermionic 
fluctuations in the following way. 



where 



(5*„ = 




(5*, = 




(3.21) 



and 



3^R. = 



Vr 



I ^ 





a\ + ioL2 


as + ia4 








— OLZ + ict4 


ai — ia2 


^5 + iae 


a-! - iOfs 








\ aj + ias 


— Q!5 + iOLQ 





J 


( 





-ag - ^"5 


-as - iar ^ 








Qfg — ioir 


-ag + ia^ 


^2 + ««! 


a4 - ias 








^ 0^4 + iOi-i 


— q;2 + ici\ 





) 



( 



Xl = 













2)l = 



(/35 + iP6)v {-137 + il3s)v 

\ {l37 + iPs)V il3, - il36)v" 

/ 



{132 + il3i)v* (-P4 + i/33)v 

\ {f3i + if3z)v' (P2-il3i)v 



(/3i + il32)v 

(/33 - il3i)v" 





i-Pe - ik)V 
{-I3s+if37)v- 







(/33 + il3i)v \ 
(-Pi+iP2)v* 


/ 

{-13s - iPr)v \ 
{l36-il35)v 


J 



(3.22) 



(3.23) 



(3.24) 



(3.25) 
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where all component fields are real Grassmann. The extra factor v — eyLpiivoKT /v) is introduced in Xl and 
^L such that the exponential factor does not appear in the Lagrangian. The resulting Lagrangian is 



+2a/i'2 +p'2 [-a-iPi - a-iPz + 07/^5 - 05/37 + a4;82 + a2PA + ctaPe - ctaPs) 



(3.26) 



After a careful observation we find this system decouples into four subsectors, which show an identical structure 
containing two of ai fields and two of fii fields. Let us focus on the subsector containing a\, 02, Ps and Pa, 
described by a part of the Lagrangian, 



C = aid-ai + OL2d-a2 + P-id+Ps + PaO+Pa + ^^¥fp^ (aiaa + P^Pa) + 2^v^ + p'2 (-oi/^s + ol2Pa) , (3.27) 
which is simplified as 



C = i'l'da^p + \ l"""" ^. i^TixP - ^Jv'^ + p'^V^FaV' , 



where 



^: 



//?3\ 


/34 


Ql 


\ Q2 / 



7 = 



and 



Fi 



2 !/2 + p/: 



/^ -i \ 

-i 

i 

\ j / 

/^ i ^ 

-i 

-i 

\ i / 



7 = 



/ i \ 

i 

i 

\ i / 



^ = V'S^ . 



/^ i ^ 

-i 

i 

\ -i / 



The first two terms in (3.28) can be summarized by introducing '^ = exp (aPa) ip with 



da 1 TOKi^ 



da 2 !/2 + p'2 



r3 = 



/^ 10 \ 
-10 
0-1 
\ 1 / 



Using that r37^7'^r3 = 7^7°^ and r37^r2r3 — 7T2 then we find the Lagrangian (3.28) becomes 



£f = *7''9a* - \/!/2+p'2*r2* . 



(3.28) 



(3.29) 



(3.30) 



(3.31) 



(3.32) 



The same prescription applies for the other subsectors, and consequently, it turns out that the fermionic 



fluctuations have the mass term with a cr-dependent coefficient yV+p^, which agrees with [26]. 



3.3 Bosonic fluctuations from Nambu action of original string theory 

In [26] the authors showed the bosonic fluctuations around the folded string without the S^ part (;/ = in 
(3.1)) and they found that the mass of one bosonic fluctuation found from the Nambu action contains one 
l/p' term. However, our calculations in the reduced theory in 3.1 shows that the Lagrangian has no 1/p' 
term if the string solution has the S^ sector. 
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It might be considered that this difference appears because the fluctuations in the AdSs part nontriviaUy 
couple to a fluctuation in S^ part in the v ^ Q case. So we shall first carry out the perturbation in the 
Nambu action with nonvanishing v. However we will find the nontrivial coupling is not all of the reason 
for the difference; the fiuctuations in the tanh model and in the Nambu action are related by the T-duality 
transformation rather than rescaling or rotation of fluctuation flelds. Because the partition functions of any two 
theories connected by the T-duality transformation are the same, this is a nontrivial support for our conjecture 
on the quantum equivalence (1.2). 

In the reduced theory the T-dual of the tanh model is the coth model. So we shall also show that the 
perturbation in the coth model recovers the quadratic fluctuations found by perturbing the Nambu action in 
another gauge. In section 2.1 we showed that the tanh model and coth model are realized as the different ways 
of H X H gauge flxing. Hence the result supports that the partition function is H x H gauge independent. 

The Nambu action for the bosonic string in AdSs x S^ is given by 

Sn = — / dTda\/—dethab , (3.33) 

where the induced metric on the worldsheet hab is 

hab = gfiv{x)dax'^dbx" . (3.34) 

In the present case the classical forms of g^v{x) and x'^ are respectively 



g^„{x)dx'^dx'' = -cosh^pdf^ + dp'^ + sinh^p (d^,^ + d<^^) + dV? + dcp'^ (i = 1,2, s = 1,2,3,4), 

t = KT , p = p{a) , /3i = , (j) — WT , tps = , <fi — l^T , 



(3.35) 



which are related by the Virasoro constraints and equation of motion (3.2). Imposing the static gauge where 
the fluctuations of t and p are set to zero we have the following perturbation, 

t = nT, p = p{a), I3i = ^j3i, (f) = wT+ j^cf), rps^jr/li's, ifi = vt + ^^if> , (3.36) 

Expanding the Lagrangian (3.33) gives the following action for the quadratic fluctuations. 



Sn = ^ / drda 



sxtlO? pd+fiid-fii — w^ sinh^p^i^ + d+tpsd-tps — i^'^i'a 



+ sinhV (i + i^^^f#^) d+id-4> +{i + ^) d+^d-(p + 



This shows the fluctuations ips have mr = v . They describe the four fluctuations in the S"" sector in the 
reduced theory. By rescaling /3i by fii — > sinh^^p/?i, we flnd /3i have 7n| = !/^ + 2p'^. Hence the fluctuations 
fii correspond to a\ and a^ in (3.15). 

Let us focus on the other two flelds, (^ and (p, which should be compared with az and 04 in (3.16). The 
corresponding part in (3.37) is 

^N = Fid+4>d-(j) + Fid+ipd-ip + F3 {d+g>d-4> + d+4>d-'A , (3.37) 

where 



^ ■ -, ,! I - ui^sinh^pX ^ - i^^ ^ wi^sinh^p /„ „„s 

Fi = smh'p ( 1 + -j^ ) , Fa = 1 + — , F3 = ^— ^ , (3.38) 



Even if we rescale <j} and (p such that the coefficients of their kinetic terms are one, the resulting Lagrangian 
does not match the Lagrangian in (3.16). In fact (3.37) and (3.16) are related by the T-duality transformation. 
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Because the Lagrangian (3.37) only depends on the derivatives of the fields (f) and (/?, it is allowed to carry 
out the T-duality transformation at the level of the Lagrangian in the present case. In order to derive the 
T-dualized Lagrangian we first denote d±(f> by A± and introduce a Lagrange multiplier x. Then the Lagrangian 
(3.37) is becomes 

Cn = FiA+A- + F2d+(pd-(p + Fa {d+(pA- + A+d-(p) + i{d+A- - d-A+) . (3.39) 

The Lagrange multiplier x will become a new physical field in the T-dual picture. Integrating out A+ yields 

1 / F"^ \ F 

-Ctn = -—d+xd-x + { F2 — -7- I d+(pd-(p + — - {d+xd-(p — d+(pd-x) . (3.40) 

ri \ Pi J Pi 

1/2 / F^\^^^^ 

Finally, rcscaling i — > Fj x and <^ — > I F2 — -pr- 1 (^, we have the following Lagrangian, 

£tn = d-f>d+f> - L^ + 2p'2 + 1^ - ^^f^) ^' + d-xd+£ 



(3.41) 



This is exactly the same as the fiuctuated Lagrangian (3.16), and also (3.20). Because the characteristic 
frequencies are invariant under the T-duality transformation, the fluctuated Lagrangian of the long string limit 
in the reduced theory produces the correct frequencies. 

Recalling that the T-dual of the tanh model is the coth model in the reduced theory, we can expect the 
fluctuation Lagrangian of the coth model exactly agrees with that of the Nambu action. We are now interested 
in the nontrivial sector described by the complex sinh-Gordon model. Hence, for our present purpose, it is 
enough to perturb the Lagrangian of the coth model rather than the deformed gWZW model. Plugging the 
classical solution (3.8) into the fluctuation Lagrangian (2.6) and rescaling Xa such that its kinetic term has 
unit coefficient, we obtain the following Lagrangian, 



reoth(2) = d+5<^d-54> - [u^ + 2p'2 + 2^ + J^T^) ('5'^)' 



+d-5x.d.SxA - [.^ + ^K^^-^y-'^^) _ ^ + _^l^j (,^2) (3.42) 

In the Nambu action in the original string theory this Lagrangian is obtained if two fluctuations are introduced 
in the following way, 

(t> = U}T + N'fzi + N'iz2 , (p = VT + Nfzi + 7V|22 , 

where Nl and A'^^ are defined as 



AT / w tanh p((t) r. u) coth p(a) 

'" ^Vp' (-)'+-'' Wp'(-)'+-''' / ^___ (3.44) 



Substituting these into the Nambu action (3.33), one finds that zi corresponds to Sff) and 22 does Sx^- Alter- 
natively one can reproduce the same Lagrangian by applying 0(2) rotation to the two fields, and (f>, in the 
Lagrangian (3.37). Hence it turns out that the perturbation in the coth model corresponds to the perturbation 
of the Nambu action in the specific gauge. 
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In the original theory or in the coth model, the Lagrangian possesses the term proportional to 1/p'^, 
while such a term does not appear in the tanh model. This can be understood by looking at the T-duality 
transformation in the reduced theory, (2.10). For the present (j)^ in (3.4), we have tanh^ cj>^ = p'^ / (v'^ + p'^) and 
the T-duality transformation is singular at turning points of the folded string. Because the partition function 
is invariant under the T-duality transformation, the partition function of the reduced theory is the same as 
that of the original string theory for the (S, J) folded string, which supports our conjecture on the quantum 
partition function (1.2). 

Due to this direct relation between the coth model and the Nambu action one might think that it would 
be better to use the embedding of the coth model, (2.23), (2.25) rather than tanh model, (2.26), (2.28), 
when comparing the fluctuations. However, as mentioned above, (2.23) is a bad H x H gauge fixing for the 
perturbation. Hence we will basically continue to use the tanh model. 

In this section we have shown that the relation of the perturbations in the coth model, the tanh model 
and the Nambu action in the original string theory. Their fluctuation Lagrangians are seemingly different and 
the difference in the reduced theory follows form the choices of the complex sinh-Gordon model, or in other 
words, the choices of the H x H gauge. However, if a classical string solution in a subsector is described by the 
sin(sinh)-Gordon model, or equivalently, if the subgroup H for the subsector is trivial, this freedom of choice 
does not exist, and so, the fluctuation Lagrangian of the reduced theory should always match that found by 
perturbing the Nambu action. This is the case for the bosonic string theory in R x S^, which is studied in 
appendix B 



4 Circular string 



In this section we shall discuss semiclassical quantization in the reduced theory for the {S, J) circular string 
solution. Semiclassical computation in the original string theory was studied in [29, 30, 31, 32]. It is expected 
that the perturbation in the reduced theory reproduces the result of [30]. 

We shall derive the Lagrangian for the quadratic fluctuations by using the embedding of the tanh model, and 
evaluate their characteristic frequencies for the bosonic fluctuations in 4.1 and for the fermionic fluctuations in 

4.2. However a set of the characteristic frequencies in the reduced theory is not identical to the result in [30]. 
Then we shall show that the sum of the frequencies matches the original string theory result perturbatively in 

4.3, and flnd a 2d Lorentz transformation such that each of the frequencies in the reduced theory is the same 
as the corresponding frequency in the original theory in 4.4. It may be considered that this happens because 
the {S, J) circular string is the case of p+ ^ /i_ as a reflection of the existence of winding on a big circle of S®. 
As we will see in section 6 we observe the similar result for another example of /i+ 7^ p- . 

We shall start the discussion with introducing the {S, J) circular string solution in the embedding coordi- 
nates, 

o + *J^3=roe , Yi+iY2^ Tie ^ , X-i + 1X2 ^ e ^ , (4.1J 

where ro = coshpo and r\ — sinhpo with a constant radius po. m and k are integer winding numbers in the AdSs 
subspace and the S^ subspace, respectively. This solution has three Cartan charges, {E,S,J) = \/\{£,S,J), 

S — rgK, S = riw , J — u} . (4.2) 



The equations of motion read 



w=K-|-fc, u) = ly + m , V = —A , K = A , (4.3) 
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whereas the conformal gauge constraints are written as 



kS + mj = . 



(4.4) 



They are supplemented by the identity Tq — r^ = 1, which can be rewritten as 



= 1. 



K s/WT. 



(4.5) 



The relations (4.3), (4.4) and (4.5) show that only three of these parameters are independent. When calculating 
quantum fluctuations it is convenient to use k, k, ri.* From the latter three expressions, (4.4) and (4.5), we 
obtain the following relations. 



(4.6) 



1/2 = ^K-^-Ak^K^rKl + rf), 
m^ = i («:2 _ 2fcV? - u^) . 

whcih will be useful when we compute fluctuations. 

Now let us move on to the reduction of the (S, J) circular string solution. The mass scale of the reduced 
theory /i is obtained through the observation of the stress tensor. For the (S, J) circular string solution (4.f) 
we have 

T^f ^-{li" - 2fc (fc ± \/fc2T^) r?) , (4.7) 



which imply we should introduce /i^ 



2fc (fc ± ^yk'^ + K^) ^2 Because the closed string theory is defined 



on a cylinder rather than a plane, it is not allowed to set /i+ = /i_ by using 2d Lorentz transformation. Instead 

^^ / O O A.\ 1/4 

we proceed with a single /i defined by /i = ^/JI+JT^ — ^fn [k — 4fc ri — 4fc rij . Using this /i, the relations 
in (2.7) for the tanh model give 0^ and ^^, 



= ^loe 



riyi+T-f 



\A 



where 



A {-JWT^T + ko) , 



(4.8) 



(4.9) 



V^(K2_4fc2r2_4j,2r4)l/4|-^_y^2_4fe2^2_4j.2r4-) ' 

then the corrsponding classical solution in the deformed ^^TJSN model is obtained by substituting these into 
(2.26), 

/ vB+ 

-v*B+ 

vB- 

-v*B- 
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\ 



-vB- 



v*B+ 



\ 

v'B- 

-vB+ 




(4.10) 



where 



jA{^/W+K^T + k(T\ 



B± = i 



\/K-2fcrii/l+r2 



(^^-4fcVf(l + r;))l/^ 



2 l^(K2_4fc2,2(i+,2))i/4 y^Tii;^; 



'l+r-[ 



(4.11) 



"Because k can be absorbed in 5, it is possible to set A; to be 1. Here we leave k arbitrary in order to make it easier 
to compare our result with [30]. 
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By solving the gauge field equations (2.15) we have the classical gauge fields, A±o — | a±oR2 with 

«-0 = 2V^ • 

We find that g^^d+go and (?(7^^+o5o are constant with these expressions. Hence this is a good starting point 
to discuss quantum fiuctuations for the homogeneous string solution. 

4.1 Bosonic fluctuations in reduced theory 

The S^ sector is rather simple; bosonic fiuctuations in the S^ sector for a string solution in AdSs x S^ are massive 
fields with masses ±/i. In the present case we have /i^ — /i-|-/i_, then we obtain characteristic frequencies for 
the four massive fields, 



±v/ri2+^2 ^ ±Jrfi + Jk-^ - 4fc2K2j.2(l + rf) , (4.13) 

which are exactly the same as the result in [30]. 

As done in the case of the folded string, we introduce the fluctuation flclds by (3.9), (3.10) and (3.11), 
integrate out the diagonal parts of the gauge field fluctuations, and then, use the H gauge freedom such that 
physical fiuctuations decople from unphysical fiuctuations. The physical part of the quadratic fluctuations is 
described by the Lagrangian containing ai and 02, 



£1 = 2^ {d+aid-ai - K^a?) , (4.14) 

1=1,2 



and the Lagrangian containing az and 04, 



£2 = 2 



d-agd+ai — 2k In — ^J k^ — ^k'^r\ (1 + r\) \ a| + 9_a49+a4 
Now it is clear that oi and 02 correspond to Y2 in [30], whose frequencies are 



(4.15) 



±\/n2~K^. (4.16) 

However the second Lagrangian £2 does not describe the remaining two fiuctuations in AdSs in [30]. In fact, 
by substituting e*'^^^"°") into the equations of motion, one finds that the condition that the determinant of 
the mass matrix vanishes reads 



2 r^2N2 8fcJ(fc2 + «2)(„2_4fc2^2(i_^^2)) 2^^ - (k'' +2k^)^ K^ -Ik^rfd + rj)) 

(n — Sr) ^-^ -^—^ -nil H — ^ ^i 

2(K^ + (K^+2k^)^.-^-4k2rf(l + rf)) ^,2 _ q 



(4.17) 



which is different from the corresponding equations in the original theory (c.f., Eq. (4.15) in [30]), 

(fi^ - n^f + AQ?K^rl - 4 (l + r?) kly/k"^ + k^ + kn) =0, (4.18) 

and consequently, the characteristic frequencies are different. ^'^ Although the equation (4.17) can not be solved 

®Note that v in the expression (3.11) should be replaced by v in (4.11). 
^'^Notc that the equation (4.18) is obtained from the equation (4.15) in [30] by f2 — > —Q. This difference originates 
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for a genral case, it is possible to solve the equation (4.17) approximately for large J with u = S / J, k fixed. 
The four roots Q.in are 



-2fcn± Jn2(n2 + 4fe2u(l + u)) / 1 \ 



2J 



(4.19) 



For n = the equation (4.17) can be solved exactly, 



^,0 MO, 0,^0,-^0}, noM ^-^ + ^(-^ + ^^^^^-^-^^^-^(^ + -^^ (4.20) 

V K 

These frequencies are totally different from those in [30]. Therefore, as far as the individual characteristic 
frequencies are concerned, the reduced theory does not reproduce the result of the original string theory even 
for the zero modes. 

For consistency we shall discuss the perturbation in the coth model which should describe the nontrivial 
sector containing a-j, and 04, (4.15). Using the reduction (2.3) and the fluctuation Lagrangian of the coth model 
(2.6) wc obtain the following Lagrangian, 



(\ ^1 /^2_4t,2j,2j'ii„2\ 
n + ^n^-Ak-^rlil+rl)) S<t>^ + ^= I) l> d-Sx^d+Sx^ 

+ 16fcV? (1 + r?) (k^ - 4fcV?(l + r?)) ^/-^ (k - 2kri^l + rl] (4.21) 

^(K-2kriy/l+r'f-^K'^-4k^r((l+rf)Y(K+^K2-4k^r((l + rf)') ^' 

which yields the same equation for characteristic frequencies as (4.17). Hence the bosonic frequencies for this 
subsector is not model-dependent. 

Because the other six bosonic frequencies match the corresponding six frequencies of the original theory, 
the discrepancy in these two frequencies seems to be a serious problem. However, in the following subsections, 
we will show that the total sum of the characteristic frequencies including the fermionic contributions is the 
same as that of the original string theory. Hence the discrepancy here is not indeed a problem. 

4.2 Fermionic fluctuations in reduced theory 

We define component fields of the fermionic fluctuations as in the folded string case (3.21) - (3.25).^^ Then 
the fermionic part of the quadratic fluctuations takes the form, 



! [ELi i^^^-C^^ + M-I3r) + ^^ ^^7^ ' '' ("^1 



Lf =2\ J2i=i (ctid-ai + Pid-Pi) + -^^ '- — ^j^ (-Q1Q2 - 0304 - asoe + cno-s) 

ffc + Vfe^ + «^)('^^-4fe^r?(l + r?))l/* , 
+ ^^ '-^^ '-^— (-/?l/?2 - /?3/?4 - /?5/?6 + /?7/?8) 



+^ ( \ln - 2kri ^l + rf + \/k + 2kri ^l + rf 

X (-Q3/3i - ai/33 + 07/35 - 05/37 + Q4/32 + 02/34 + 08/36 - aePs) 

As expected the coefficients of each term in the Lagrangian is totally constant. Then we can evaluate frequencies 
in a straightforward way, 



±\J(n±cy +a^±d, (4.22) 



from the fact we use the mode expansion e'( "'"'' rather than e*('''^+"°"'. 
-'^-'^Here wc should use v in (4.11) for v in the expression of <5'1/^ . 
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where 



= f (k + ^K^-Ak^rKl + rf) 



d- 



fe(,^2 


-4fe2r?(l+r?))l/4 




yp 


+ .2(„2_4,2,2(i + ^2))l/4 




2^ 





(4.23) 



While a agrees with a in [30], the other two do not match. 

Despite of the discrepancies in the frequencies, one might still expect that the sum of all the frequencies 
match, which can provide a nontrivial support that the partition functions in the two theories are equivalent in 
the case of the [S, J) circular string at one-loop level. To show this we shall evaluate the sum of the frequencies 
perturbatively in J in the next subsection. 

4.3 Sum of frequencies 

The procedure of calculating sum of the characteristic frequencies directly follows from the computation of 
the one- loop energy correction discussed in [30]. If given a set of N fluctuations, we obtain 2A'^ roots f2j;„ 
(J = 1, . . . ,2N) by solving the conditions that the determinant of the corresponding N x N mass matrix 
vanishes. The zero modes appear in pairs, flj-.o — itQp-.o {p = 1, . . . , N), and the non-zero modes can be paired 
by the condition fli:„ — —Qi-n- Then the frequencies should be summed up as 



p=l n=l 1=1 



with 



Ctj 



Qp-0 = sign(Cp)np;o , 
1 



(n)N 



fti-n = sign(C}"'^)ni;„ 



(4.24) 

(4.25) 
(4.26) 



2mii(0p;o)rip;o Ylg^pi^l-o - ^q-o) ' mii{D,i-„) Hj^/C^-r;™ - ^J\n) ' 

where nin is a minor of the mass matrix, i.e., the determinant of the matrix obtained from the mass matrix 
by removing the first row and first column. Note that the fermionic frequencies contribute to the partition 
function negatively. For the (S, J) string we find the structure of signC}" becomes simple because half of the 
frequencies are positive and half of the frequencies are negative. 
The zero modes contribution is 

4i^ + 2k + S^o - 8\/c2 + a2 , (4.27) 

and nonzero modes are 



OO r 4 

2^ 4\/n2 +u^+ 2^/n^ + '^' + 9 Zl sign(c}"')ni;„ - 4{^(n + c)2 + a^ + ^ (n - c)2 + a^ ) 



(4.28) 



where ilo is shown in (4.20) and Qi-n is expanded in terms of large J in (4.19). Using the formula for the large 
J expansion of k, 

k'^u{2 + u) k^u {4 + 12u + 8u^ + u^) 



K = J 



2J 



where u — S j J , we find the zero mode part. 



fc^u(l + u) 
'j 



O 



8J3 



J-'' 



(4.29) 



(4.30) 



24 



On the other hand, the contribution from the non-zero modes is expanded as 



n— 1 ^ ^ 

These two results are consistent with [30]. 

It is stiU mysterious that the characteristic frequencies of each fluctuation do not match. In [30] the 
expansions of the Landau-Lifshitz Lagrangian is also discussed as a useful tool for extracting the part of the 
fluctuation frequencies in the string theory, f2/=i,2. Although each frequency in the Landau-Lifshitz model 
is different from the corresponding one in the string theory, the sum of the two frequencies agrees with the 
string theory result. So one might expect that the sum of the frequencies of as and 04 would agree with that 
of the two fluctuations in the original string theory in the large J expansion. However this does not happen. 
Actually, for the nonzero modes of az and a^, we have 

1 4 2k\l + u) + n(n+ JrP- + 4^2^(1 + u)\ / -, \ 

i X: sign(c}"')ni;„ = 2^ + "^—^^ i + O (^-ij j , (4.32) 

On the other hand, the corresponding sum in the original string theory is 



2fc 



(1 + 3u + u^) + n Cn + ^n^ + 4fc2-u(l + u)\ 



1 



2^ + \j '- + O (,7^ J ' (4-33) 

which is different from (4.32) and the discrepancy is 

fcM|±i^ . (4.34) 

This cancels with the discrepancy in the fermionic sector, and then the total sums of the frequencies are the 
same. 

4.4 2d Lorentz boost 

Generally we can evaluate the characteristic frequencies and confirm the agreement of the total sum of the 
frequencies order by order in the large J . However it is technically hard to continue the calculation to higher 
orders in Xj J . Here we shall find a 2d Lorentz transformation on the worldsheet, which does not change the 
total sum of the bosonic and fermionic frequencies, but can change some of the frequencies. 

Because the equations for the two fluctuations a\ , a^ in the AdSs sector and all of the four fluctuations in the 
S* sector do not contain the flrst derivative term, their frequencies are obviously invariant under the Lorentz 
boost on the worldsheet. Hence one can expect a certain 2d Lorentz boost allows us to modify the equations 
for the fermionic fluctuations and the other two bosonic fluctuations such that they yield the frequencies found 
in [30]. Let us introduce the 2d Lorentz boost by 

r — > pir + (jiCT , IT — > qir + picr , with pi — gi = 1 . (4.35) 

In order to set the equations for frequencies of the two bosonic fiuctuations 03 and 04 to be the same as the 
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corresponding equation in the original theory (4.18), we should choose 



Pi 



91 



rf + K.jK^-4k^rj(l + rf) 



^ '^ '^ (4.36) 



k'^ -2k'^rl~K^ k'^ -Ak'^rl{l + rl) 



2ft^K2_4fe2r2(i + r2) 

By this 2d boost the fermionic frequencies are changed into 



±^(n±c)^+a2±d, (4.37) 

where 



1 


.-+.>/..- 


-4fc: 


Vf(l+, 


■?)) 


, 








2 








f 


2+2fc2(l + , 


^f)- 


-«y;;r 


-4fc2 


r?(l + , 


^f) 


2V2 


/■ 


;2+2fc2(i+ 


.?)- 


fKy/;^ 


-4fc2 


rKl + ' 


-■?) 



(4.38) 

2^2 ' 

J K'^+2k^[l + rl)+K^K'^-Ak^r'i(l + r'i'\ 
'^= 27T 

which are exactly the same as [30]. Therefore all of the fluctuations in the reduced theory agree with the 
result of [30] in this frame. Because the sum of the frequencies should be invariant under the 2d boost, our 
result implies that the sum of the frequencies in the reduced theory, (4.27) and (4.28), recovers the result of 
the original string theory calculation to all orders in 1/ J . Then the quantum equivalence of the partition 
functions (1.2) is proven for the [S, J) circular string at the one-loop level. 

Let us discuss the meaning of this 2d Lorentz boost. Because the form of the classical solution (4.1) is 
not 2d- Lorentz invariant, the fluctuation Lagrangians (4.15) and (4.22) are not either, and consequently, each 
fluctuation frequency may change by the 2d Lorentz transformation. If we apply the Lorentz transformation 
(4.36) to the classical solution (4.1), the solution becomes 

With this classical solution the stress tensor takes the following form, 



T^f- = -K.Jn^ -'ik^rlil + rl), (4.40) 

which implies /i+ = /i_ = y^ (k^ — 4k^rf (l-t-r^)) . Hence it turns out that the 2d Lorentz boost we 
applied to both the bosonic fluctuations and the fermionic fluctuations is the same as the one setting /i+ = /i— . 
However, it is still mysterious why the mixing of the bosonic and fermionic frequencies occurs by the Pohlmeyer 
reduction and why it is necessary to set /i+ = /i_ for the agreement of the frequencies of the individual 
fluctuations. 



5 Spiky string 

We shall discuss semiclassical expansion around the {S, J) spiky string solution in AdSs x S^ by using the 
embedding of the tanh model into the deformed gWZW model for the bosonic sector in 5.1 and for the 
fermionic sector in 5.2. Classical aspects of the spiky string solutions were studied in the bosonic string theory 
[35, 36] and in the Pohlmeyer-reduced form [9]. In [24] and in the earlier sections of this paper we have seen 
that the semiclassical computation in the reduced theory perfectly recovers the one-loop corrections to the 
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string partition function, and moreover, it has a huge advantage as the reduced theory has simple structures 
of both the bosonic and fermionic fluctuations after properly fixing the H gauge. Hence we expect that our 
result will agree with the string theory side, and the calculation here will be much simpler than the standard 
worldsheet approach in the conformal gauge string theory. 

First wc shall review the {S,J) spiky string solution in AdSa x S^ found the paper [36]. The solution is 
expressed in terms of the embedding coordinates,^^ 

Fo + iYs = roiu) e™"-+«^"(") , Y^ + iY-i = ri(w) e'^^i^+'^if"' , Xi + iX-i = e'**"' , (5.1) 

with 

u — aa + /3r , rg — ri = 1 . (5.2) 

Here wo and wi are real constants. The S^ part is explicitly written as 

/32 -Q 



'<P = '^T+— — l-^u, (5.3) 



while (fio and ipi are expressed in differential form. 






(5.4) 



where v, D, Co and Ci are real constants. The Virasoro constraints read 

'2fr,2 2^ gg ''oQ^^"o I ,.'2(-q2 2^ , CJ ''l"^"'] i D^ i "^■^'^ - n (^^^ 

-ro[P -a )~ ^i(^2_^2) - ^i_^i +ri (P -a ) + 73^^23^ + ^^z^ + jr^^ + jr^^ - U , [p.b) 

and 

woCo + wiCi + Du = Q . (5.6) 

The first constraint is nothing but the condition that the Hamiltonian of this system should vanish. Using 
Tq — T'l = 1 we rewrite (5.5) into an equation for n, 

/ q2 2\2 '2 /I I 2n / '-'0 I 2 2/, , 2\ C'l 2 2 2 r-i2 2 2\ /r ^\ 

[p -a ) ri = (1 + ri) — - — j + « "^0(1 + ''1) 2" ^ <^ ™i^'i ^ -^ - a i/ . (5.7) 

V 1 + »"i fi ) 

Here it is necessary to assume Wg < w\ such that the string does not attach the boundary. 

The spiky string solution with n spikes consists of 2n arcs, each of which should possess two turning points 
(ri = 0) at some finite values of r\. Let us introduce a new radial variable v(u) by 

(5.8) 



1 + Irl cosh 2p ' 

where p is the radial coordinate in the global coordinate system of AdSs. Assume that v' vanishes at w = 
v\,V2,vz with wi < < U2 < t's < 1, then the equation for r\ (5.7) is rewritten as 



4^. P(.) = ^^i^i^(.-..)(--^'2)(.-.3). (5.9) 



^■^Here we have assumed ro and ri have the «(= aa + /3t) dependence whereas they were constants in the case of the 
circular string (4.1). 
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The constant «i is not arbitrary but is a function of V2 and v^, 



Vi — = = — -^ -. 5.10) 

1'2 + U3 + U2«3-l "i_„.i 



wi-wf 



C\ and C2 are expressed in terms of v\ , V2 and v^ 

„2 _ "'o-t"f (l + «l)(l + t»2)(l + f3) 
'-'0 — 5 



^2 ^ ^g-^-i (l-t-l)(l-t-2)(l-f3) ^ -^ 

8 ^1^2^3 

For our assumption «i < < U2 < «3 < 1 and uiq < wf, we have Co > and Ci > 0, then our choice of the 
roots is consistent. Depending on further conditions for «2 and vs, the solution has two possible regimes; the 
spike is at the minimum ri in one regime and at the maximum ri in the other regime. 

Next let us discuss the reduction of the {S, J) spiky string solution. The mass scale /i in the reduced theory 
is read out from AdSs part of the stress tensor, r±±^, in the original string theory. For the (S, J) spiky string 
solution, due to its complication in the AdS sector, it is convenient to calculate T±;^ from the S^ part of the 
stress tensor T±± by using the Virasoro constraint, T±± + T±± = 0. Then we have 

T^f = -T| = -(^)', (5.12) 

which show this is also the case of 7++ 7^ T__. So we should introduce /i± by T±± = —fi±, and define the 
mass scale /i as 



^^VM+M---\/ ^2_fl2 ■ (5.13) 



5,2,^2 _ JJ2 

a2-/32 

By this definition of /i we have implicitly assumed a^iy^ > D^ and a^ > fi'^ (or o?v^ < D^ and a^ < /3^) so that 
/i is real. So we will hereafter work on the reduction in these parameter regions. Although the corresponding 
solution in the reduced theory takes a different form for other parameter regions, one can show that the 
resulting fluctuation Lagrangian is independent of the choice of the parameters. 

Following the standard procedure of the Pohlmeyer reduction for the tanh model, (2.7), we obtain the 
sinh-Gordon angle 0^ ,^^ 

<^. = i log [iH2±w™+i£M^] , (5.14) 

and 



"A 1 



_ 2 / q2_^2 {Cl+Cl)wawi+CoCi(u>l+wl)±Cawia[Mi-wl)±Ci_waa[Mi-u,l)+wawi[a'^M3-D^) (r-\r\ 

O±0a - " \/ ^i,a-ni („^miM^ ' ''°--^°'' 



„2y2_£,2 (a=F/3)2M2 

where we have introduced Mi (i = 1, 2, 3) as functions of ri, 

Ml = w'o + (wl - wf) rl , (5.16) 

and 

M2 = Mia^~D^, M3 = Mi-v'^. (5.17) 

Hereafter let us consider the case of positive Mi}*' Because the radial coordinate r\ is a function oiu = ar+ficr, 



^^For notational simplicity we will use r\ rather than v which is used in the original paper [36] . Although expressing 
the classical solution in terms of rj makes it easy to understand the behavior of the fluctuations at spikes, we avoid to 
employ r'^ for the same reason. 

^ This assumption is related to a condition for the existence of the solution of the equation (5.7) for D = v = 0. 
Naively the equation (5.7) has a solution if its right hand side is positive. A sufllcient condition for this is exactly the 
same as Mi > because we have Cy > Cj . 
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6^ can be expressed in an integral form. Making the T-duality transformation does not help in the present 
case; d±9j^ are not constant also in the coth model. However, this is not a serious problem as far as quadratic 
fluctuations are concerned, since 6j^ appears only as d±6^ in the fluctuation Lagrangian. 

If we substitute (5.14) and (5.15) into (2.26) we find that the corresponding classical solution in the gWZW 
model takes the following form, 



(5.19) 



/ 


vPi 


-~vP2 


\ 


-v*P^ 








v'Pi 


VP2 








~vP^ 


\ 


-V*P2 


«*P1 


/ 



go 

V is given by 

ie. 

V = e ^ , 

where 8^^ solves the differential equations in (5.15). Pi and P2 are written as 



(5.20) 



p _ M2+aVM2-M3 

p _ a^M3 + a^M2M3 VO-^J-J 

J (^M2+a^ M3+2aV M2M3){a'^v^ ~ D^) 

The classical gauge field equations (2.15) are solved by A±o — | a±oR2 with 

{M2 ± a^M,) d±e^ 
"^'^ W2 ' ^^-^^^ 

where d±9j^ are given by (5.15). 

At the level of the classical solution (5.19) we can not take the D, i^ — > limit in which the string is not 
stretching in S^. It is because Pi, 2 in (5.21) diverge in this case due to the factor of ^a^v"^ — D^ in their 
denominators. We will show the D, i/ — > limit can be taken once we derive the Lagrangian for quadratic 
fluctuations, which is the same situation as the [S, J) folded string case. 

5.1 Bosonic fluctuations in reduced theory 

Bosonic fluctuations in the S'' sector for any string solution in AdSa x S^ are massive fields with masses ±/i. 
From (5.13) we find the Lagrangian for the quadratic fluctuations in the S' sector, bi (i = 1, . . . ,4), is 

^ = 2E (d+hd-h ~ ^5^f^&?) • (5.23) 

In this sector all fluctuations have the constant masses. 

The procedure for deriving the physical part of the fluctuated Lagrangian in the AdSs sector is the same as 



If we consider the other case where Mi is negative, the D,i/ —>■ limit in the fluctuation Lagrangians yields a wrong 
answer. This problem is solved by the following prescription. Generally the reduction equation for (^^ in (2.7) has four 
solutions, two of which are real. Employing the other real branch for 0^ , 



1 

- log 
2 



M2 - 2a^/M2M3 + a^Ms 



D2 



(5.18) 



one can check the D,u -^ limit becomes well-defined for Mi < at the level of the fluctuation Lagrangians. This 
observation implies that we should choose cji^ appropriately depending on the parameters, a and wq. 

Another reason we have assumed Mi > is that the solution has a smooth limit to the folded string in AdSs under 
this assumption. In fact the folded string limit corresponds to Mi — > p'^ which is positive-definite. 
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that in the (5', J) folded string case and the circular string case; introduce the fluctuation fields by (3.9), (3.f0) 
and (S.lf), integrate out the diagonal parts of the gauge field fluctuations, and then, use the H gauge freedom 
such that physical fluctuations decouple from unphysical fluctuations.^^ Consequently we find the Lagrangian 
containing ai and 02, 



£1=2^ ( d+aid-ai 

1=1,2 ^ 



M2 + Mzo^ 



(5.24) 



As shown for the previous classical solutions, one shortcut way to the Lagrangian containing as and 04 is to 
perturb the tanh model Lagrangian directly. For the spiky string solution this approach has a big advantage 
because of the complicated expression for the classical solution. Substituting the classical solution (5.f5), (5.f4) 
into the perturbed Lagrangian of the tanh model (2.f f), we obtain the Lagrangian for as and a^, 



£2 = 2 



d-a-id+a-i + ^3313 + d-a^d+ai + A^ai + (^+9+04 + A-d-Ui) 03 + ^3403a4 



(5.25) 



where 



A33 = 



*(M2-3M3a 
M|(a2_;32') 



wlwliCt + Ct) + 2CqCiWoWi{CI + Cl) {wl + wl) + ClCl {wf, + Awlwl + wf) 
+ (Clwl + Clwl) {-Mla^ + 2wl (M2 + Msa") - wW) + wWi {D^ - M-ia^f 
+ 2C0C1TO0W1 (-Mi^a^ + (M2 + MiiO^) [wl + wf) - wlwW) 



A4 



'M|M|(a2_;32) 



Cl (Ml - wl) {wl - wl) - Cl (Ml - wl) {wl - wl) 

+ {Ml - Ml {wl + wl) + wlwl){Ms,a^ 



M^ 








(5.26) 


D^) 


, 


(5.27) 



and 



4<:«2(™2_„2)(-^2^2_^2)3/2 



^34 = ^" ^:",,:V\":..372^ ^(^sa^ - D'^) t\ + {Cl - Cl + M^a-^ - D^) rl - Cl 

wowiPid + Cl + Mia"" ~ D^) + CoCi/?(wg + wl) + a^{Mi - woWi)(Ciw;o + CoWi) 



^ _ 2a(aT/3) / a^y^-D 



M2(a±l3) y M|(a2_,32) 



wowia{Cl + cl) + wowia {Ms - D^a'^) 

=F(CiWo + Cowi) (MiQ^ - wla'^) + CoCia {wl + wl) 



(5.28) 
(5.29) 



Finally we shall consider the case of no stretching in S"", which is achieved by taking the limit D, ;/ — >■ 0, 
and correspondingly, M2 — > a^Mi, M3 — > Mi. In this case the fluctuations in the S^ (5.23) become massless. 
In the AdSs sector we have the following Lagrangian, 

2a^Mi 2\ „ „ 2f{wl~wl)^~2a^M? + wlwl)^ 



y~^ ( d+aid-ai 



(5.30) 
where we have rewritten Co and C\ as Co = wi/ and Ci = —wof, respectively, such that they solve the second 
Virasoro constraint (5.6) with = ^ — 0. Hence it turns out that the D,v ^ limit is well deflned at the 
level of the fluctuation Lagrangian in the bosonic sector . 

Because the folded string solution in pure AdSs is realized as a special case of the spiky string string solution, 
the Lagrangian (5.30) should recover the fluctuation Lagrangians for the folded string, (3.f7) and (3.f8). In 



^^It should be noted that we use v in (5.20) with (5.15) for v in the expression (3.11). 
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fact the folded string solution corresponds to the hmit Mi — > p^, wo — >■ k, wi — >■ w and a, /3 — > 0, and one can 
see that the Lagrangian (5.30) reduces to the sum of (3.17) and (3.18) in this hmit. 

5.2 Fermionic fluctuations in reduced theory 

Once given the component fields of fermionic fluctuations by (3.21) - (3.25), we can write down the fermionic 
fluctuation Lagrangian in terms of a^ and fii,^^ 

C-e = 2 J]*^^ (oi^-Oi +/3i9_^i) +^c«c« (-aia2 - a3a4 - Qsas + arag) 

+App (-/3i/?2 - /?3/34 - A-s/Se + /?7/38) (5.31) 

+Aafi {-ct-iPi - ai/33 + aTJi'j - 05/^7 + Q4/32 + a2/34 + as/Je - ae/Ss) . 



where 



^aa ~ —2^+ ' ^;3/3 = 2^" 

A _ o M2 + VM2M3a 



(5.32) 



J(M2+2v/MjMi"Q+M3C«2)(c«2_;32^ 

A± are defined in the bosonic sector, (5.29). 

The Lagrangian (5.31) again describes four decoupled systems, each of which has four fermionic component 
fields. After rotating the fermionic component fields, as discussed in the folded string case in section 3.2, we 
have four copies of the following Lagrangian, 

r, = *7"a.* - M. + VmAka ^^^^ ^^33^ 

y'(M2 + 2VM2M3a + M-aa^) {a^ - /?2) 

where 'I' is a real four component spinor. 

Let us now discuss the special case where the string is in pure AdSa, that is, D, /i —> 0, M2 — > a^Mi and 
M3 — > Ml. Recalling that we are considering that case of Mi > 0, then we find the coefficient of the mass 
term of the fermionic fluctuations becomes 

Hence the D, /i — >■ limit is well-deflned at the level of the fluctuation Lagrangian in the fermionic sector. 

For consistency the fermionic Lagrangian (5.33) should recover the fermionic fluctuation Lagrangian for the 
folded string in pure AdS3. Taking the corresponding limit Mi — >■ p , wo — >■ k, wi — >■ w and a, /3 — > yields the 
mass term with a coefficient p' which agrees with [26] . Hence the fermionic part of the quadratic fiuctuations 
around the folded string without the S^ sector is recovered. 

6 Folded string with orbital momentum and winding in S^ of 

In this section we shall study semiclassical expansion around the generalized folded string solution with both the 
orbital momentum and the winding in S^ of S^ which was constructed in [37]. After showing how to achieve 
the generalized homogeneous folded string from the {S, J) spiky string, we will evaluate the characteristic 
frequencies for the quadratic fluctuations for bosons in 6.1 and for fermions in 6.2 in order to compare them 
with the result of [37]. 



^ Again we should use v in (5.20) with (5.15) for 5^^ instead of the original v for the {S,j) folded string. 
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The generalized folded string solution also has the open string counterpart, a null cusp solution, which is 
obtained by a combination of analytic continuation on the worldsheet and SO{2, 4) rotation from the generalized 
folded string solution [37]. Because the 50(2,4) symmetry is obscure in the reduced theory, the generalized 
folded string and its open string counterpart are connected by the analytic continuation in the reduced theory. 
Hence the equivalence between the two classical solutions becomes rather trivial by the Pohlmeyer reduction. 

Because of the homogeneous nature of the generalized folded string, its fluctuation Lagrangian has con- 
stant coefficients, and thus, quantum corrections to the partition function can be computed. In fact, in [37], 
the expansion around the null cusp solutions are carried out and, the one-loop and two-loop corrections are 
determined. Directly from the equivalence of the generalized folded string and the null cusp solution, these 
quantum corrections arc also relevant to the folded string. 

Below we shall evaluate the characteristic frequencies of the quadratic fluctuations and compare them 
with the one loop computation in [37]. Reflecting the fact the generalized folded string has both the orbital 
momentum and the winding in the S^ sector, this is another case of /i+ 7^ pi_ in the reduced theory. Therefore 
the conclusion of the one loop computation is very similar to the {S, J) circular string case in section 4; two 
of eight bosonic frequencies which can be derived by the perturbation in the complex sinh-Gordon model do 
not agree with the string theory result. But the the discrepancy is removed by considering the fermionic 
contributions, and the total sum of the frequencies agrees with the string theory result. In order to show this 
we shall find a 2d Lorentz transformation such that all of the bosonic and fermionic frequencies become the 
same as the frequencies of the corresponding fluctuations in the original theory in 6.3. 

We shall first review the generalized folded string solution with both the orbital momentum and the winding 
in S^ of S^. Introduce the global coordinates in AdSs x S^ by 

ds = — cosh pdt + dp + sinh pd9 + dip , (6.1) 

then we expressed the solution in the conformal gauge, 

t — HT , p = p{a) , 9 = ht + j?((t) , (fi = vt + ma , (6-2) 

where 



coshp(a) = \/l + 72 cosh(£a) , tani9(a) = 7coth(^o-) , 7 = ^ , 
k'^ ^ f + u'^ + m'^ . 



(6.3) 



Here we are considering the following limit. 



£>1, i'»l, K,£,u,m:^l, J = fixed , y = fixed . (6.4) 

In this solution only three parameters are independent. We will use k, v and m when we calculate quadratic 
fluctuations. If we set the winding in a large circle of S'', m, to be zero, the solution reduces to the {S,J) 
folded string solution discussed in section 3. 

To compare this solution with the {S, J) spiky string solution in section 5, we rewrite the generalized folded 
string solution in terms of another radial coordinate v introduced in (5.8) and derive the equation for v' , 



v = -2lv^J(\ -f u) (1 - w - 272^) , (6.5) 

which shows «' vanishes at « = — 1, 0, ?, ^ corresponding to the three roots wi, 112 and vz with i"! < < 
^2 < fs < 1. Then we find that the generalized folded string solution is realized by taking the following limit 
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in the (S, J) spiky string solution, 



Vl 



-1 , «2 = 0, V3 



1 + 272 



(6.6) 



which is different form the three limiting cases considered in [36].^^ 

Let us next construct the corresponding solution in the reduced theory. For this purpose we express the 
generahzed folded string solution (6.2) in terms of the embedding coordinates, 



Y(, + iY^ = coshp(a) e""" , Yi + iYi = sinhp(a) e*'''"' , X5 + iXe = e^(''"+™") , 



(6.7) 



where p{a) and i?(o-) are given in (6.3), and related to the parameters in the S^ sector. The mass scale of the 
reduced theory /i can be extracted from T++ and T_f'^. In the present case we have 

T^f ^-{u±m)\ (6.8) 

which imply /i± — v ±m, and then, /i should be introduced by their product, 



/i = y/ji+jr^ = V ^2 — m? . 



(6.9) 



As done in the semiclassical computation for the other solutions we use the tanh model in the reduced theory. 
Once we obtain the mass scale p, the solution in the original theory, (6.7), is encoded into a solution of the 
tanh model in the reduced theory by using (2.7), 



= >g 



2/t^-i/^-m^+2y(K2-m2)(K2_^2) 



u^ —m^ 



(6.10) 



\/v^-r. 



f^' 



Plugging these into (2.26) and (2.28) wo obtain the classical solution for the deformed gWZW model, 

/ wVi -vV2 \ 

-v'Vi v*V2 

VV2 -vVi 

\ ~v*V2 v'Vi / 



flo = 



(6.11) 



where 



-P-^) , 

V-"-™" 



Vi = 

V2 = 



-m2 + ^(/.t2_„2-)(-^2_^2) 

"'^-"''^ «' 2K2-^2_„2+2^(,.l2-m2)(K2-^2) ' 

^2 ,,2 , 



(6.12) 



2 + ^(^2_„2)(^2_„2) 



u^ —m^ 



2K2-^2_^2+2^(K2-m2)(K2-^2) 



and the corresponding classical gauge fields are ^±0 = f a±oi?2 with 



a_() = 



Tn —2k +t^ 



\/v^-r, 



(6.13) 



^^Thc connection of the n-spike string and its long string limit was studied in [40] in the context of recovering 
AdSa X S"*^ string solutions from the asymptotic SL{2) Bethe Ansatz equations. For n = 2 the limiting solution reduces 
to the generalized folded string solution. 
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With this choice, g^ d+go and g^ A+go are constants, and then, the physical part of the quadratic fluctuation 
Lagrangian has constant coefRcients after properly choosing the H gauge. Hence we can straightforwardly 
evaluate characteristic frequencies of the quadratic fluctuations, which should be compared with the frequencies 
in the original string theory. 

6.1 Bosonic fluctuations in reduced theory 

Four physical modes in the S'' sector yield four bosonic fluctuations with the masses ±/i. In the present case 
we have fi^ — u^ — m^, then their frequencies are 



±^/n2 + u2-m2, (6.14) 

which is consistent with [37]. 

For the AdSs sector one easy way to obtain the constant coefficient Lagrangian for physical fluctuations is 
again to introduce the component fields of rj and SA± as in (3.9), (3.10) and (3.11), and then, to use the H 
gauge symmetry such that the physical fields decouple from the unphysical fields as in the folded string case.^* 
Two of the bosonic fiuctuations in the AdSs sector are described by the Lagrangian, 

£i = 2 ^ [d+Uid-ai - {2k^ ~ v^ - ni')aX) , (6.15) 

1=1,2 

Then their frequencies are 

±\/n2 + 2K2 -i/2_rn2, (6.16) 

which agree with the result in [37]. The problem appears in the sector of the other two bosonic fluctuations, 
which can also be captured directly by the perturbation in the complex sinh-Gordon model, 



L2 = 2 



(6.17) 



9-03^+03 — 4 [k^ — ly^) a| + d-a4,d+ai — ly/u'^ — m? (9+a3 + d-a-i) 04, . 
The equation for the characteristic frequencies is 

fi"* - 2 (n^ + 2k^ - 2m^) fi^ + n"^ (n^ + 4k^ - 4iy^) = , (6.18) 

which is not the same as the corresponding equation in [37], 

n" - 2f7^ (n^ + 2k^) + Svmnn + n {n + 4k^ - 4i/^ - Arn) = . (6.19) 

Therefore characteristic frequencies of the reduced theory and the original theory are different in this sector. 
However, this does not imply that our conjecture on the quantum equivalence between the original string 
theory and the reduced theory, (1.2), breaks down. Later we will show this discrepancy should cancel with 
that of fermionic fiuctuations by finding a specific Lorentz transformation making all of the frequencies the 
same as those in the original string theory. 



'The original v in (3.11) should be replaced by v in (6.12). 
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6.2 Fermionic fluctuations in reduced theory 

The parameterization for the fermionic fields (3.2f) - (3.25) in the fermionic part of the fluctuation Lagrangian 
(2.20) gives the constant coefficient Lagrangian,^® 



'C/ = 2[Eti(a.a-a.+A9-A) 



+ 



2('-m2 + ^2_^^(-m2+«2)(-^2_„2)^ 

=^ i — (ai/34 + a2/33 — 03/32 — a4/3i — as/Ss + Qe/^r + ot/Ss — asft) 

-m2+2K2-^2_|_2^(-m2+K2)(K2-,/2) J 



The fermionic characteristic frequencies are given by solving the following equation, 

0.'^ -I Un + 4k^ + v'^ - brn) ^'^ + ^ {4.n + 4k^ - v'^ - 3m^)^ = , (6.20) 

2 f6 

which is not the same as the equation for the fermionic frequencies in the original theory, 






(6.21) 



and consequently, the characteristic frequencies do not match. 

6.3 2d Lorentz boost 

In section 4.3 we carried out the large J expansion and showed the sum of the frequencies in the reduced theory 
is the same as that in the original string theory up to the order 1/ J^ . Because the sum of the frequencies 
should be invariant under 2d Lorentz boost on the worldsheet, the sums of the frequencies of these two theories 
are the same if all of the frequencies in the reduced theory become the same as the corresponding frequencies 
in the original theory by a single 2d Lorentz boost. The [S, J) circular string is the case. 

The present situation is very similar. Six of bosonic frequencies, (6.14) and (6.16), are Lorentz invariant, 
while the others frequencies described by (6.18) and (6.20) are changed by the Lorentz transformation. Here 
we look for a 2d Lorentz transformation which applies for the equations for both the bosonic and fermionic 
frequencies. If we introduce the 2d Lorentz transformation in the reduced theory by 

r — >• P2r + (J2cr , cr -> (72r + p2cr , P2 ^ 92 = 1 , (6.22) 

with 

P2= r-^ ^. 92 = , (6.23) 

then (6.18) and (6.20) become (6.19) and (6.21), respectively. Hence the frequencies match for all the fluctu- 
ations. This implies the total sum of the quantum corrections to the partition function in the reduced theory 
agree with the string theory result, and so, supports our conjecture in (1.2). 

It is worth mentioning that the transformation (6.22), (6.23) is exactly the same as the one setting [ij^ — /i_ 
in (6.9). In fact, applying the 2d Lorentz boost to the generalized folded string solution (6.7), we flnds that 
the stress tensor becomes 

T±f = -(!/'- m'), (6.24) 

which implies /i+ — fi~ = v — m . This is the same observation as in the circular string case in section 4. 



'The original v in <5'I'^ should be replaced by v in (6.12). 
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7 Concluding remarks 

In this paper we have discussed the semiclassical expansions around several classical string configurations 
localized in AdSa x S^ using the Pohlmeyer- reduced form of the AdSs x S^ superstring theory. 

To avoid the difficulty in reducing a classical string solution, i.e., fixing the G gauge and the H x H gauge, 
we have used the embedding of the complex sinh-Gordon model into the deformed WZW model, which allows 
us to easily understand inhomogeneous string solutions through the reduced theory, in particular, to uncover 
the relation between the fiuctuations in the Pohlmeyer-reduced form and those derived by perturbing the 
Nambu action in the original string theory. Another result is that if /i+ 7^ /i_, that is, if string has both the 
winding and the orbital momentum in S^ of S^, the perturbation in the reduced theory gives the equivalent set 
of characteristic frequencies in the sense that the sum of the frequencies agrees with the string theory result, 
although the discrepancy is found for the frequencies of the individual fiuctuations. The agreement of the 
individual fiuctuation frequencies is achieved by applying the 2d transformation such that it sets /i+ — /i_ in 
the classical solutions. We have also derived the fluctuation Lagrangian for the (S, J) spiky string solution 
which is expected to agree with the original superstring theory. 

One can apply the technique used in the present paper to string solutions in R x S"^, where a homogeneous 
case was studied in the reduced theory in [24]. However, if we try to understand strings in larger spacetime, 
such as AdSrj x S^ and R x S^, we would need to follow different strategy in reducing a string solution to a 
reduced-theory solution and integrating out unphysical fields. 

In this paper we have shown that the limit of no stretching in the S^, corresponding to the /i — >■ limit, 
is well-defined at the level of the fiuctuation Lagrangian of the reduced theory. So it would be interesting to 
check if we can extend the one-loop equivalence (1.2) to the two-loop level and take the /i — > limit at the 
level of the effective Lagrangian. It is still an open problem how this limit should be taken at the level of the 
classical Lagrangian [18]. 
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A psu(2, 2|4) superalgebra 



In this appendix we summarize the psu(2, 2|4) superalgebra and its parameterization.^" We shall start with 
the su(2, 2|4) superalgebra as it is spanned by 8 x 8 supermatrices f. In general f is expressed in terms of 4 x 4 
matrices, 

where the matrices 21, S are Grassmann even and X, 2) are Grassmann odd. The superalgebra su(2,2|4) 
requires that the matrix f should vanish by taking the supertrace, 

Strf = trSl - tr2) = , (6.26) 



-'In this paper wc follow the notation of [16]. 



36 



and satisfy the reality condition, 

with a Hermitian matrix H. It is convenient to choose H to be the following form, 



H 



S 
1 



(6.27) 



(6.28) 



where E is expressed as 



fl \ 

10 

0-10 

\0 -1/ 



(6.29) 



and 1 is the 4x4 identity matrix. With this choice of H, the reality condition (6.27) gives the relations, 

a^^-sas, 2)t = -D, 2) = -xts. (6.30) 

So we see that the bosonic matrix 21 belongs to u(2, 2) and the other bosonic matrices J) belong to u(4). 
The only one combination of each u(l) generator, il, satisfies the reality condition (6.27) and supertraceless 
condition (6.26). Hence the bosonic subalgebra of su(2,2|4) is decomposed as 



su(2,2)esu(4)eu(l). 



(6.31) 



The superalgebra psu(2, 2|4) is defined as the quotient algebra of su(2, 2|4) over this u(l) factor. 

One important property of the psu(2,2|4) superalgebra is that it admits a Z4 automorphism such that 
the condition Z^f) = f determines the subgroup G = Sp{2,2) x Sp{4) of F = PS't/(2, 2|4). Define the 
automorphism f — > f2(f) by 



n(f) = 
where the 4x4 matrix K is chosen to be 

K = 






fo -1 \ 

10 

0-1 

\0 1 / 



(6.32) 



(6.33) 



which satisfies K^ = —1, then any matrix in psu(2, 2j4) can be decomposed as 



where f^ are eigenstates of Q, 



fo e f 1 e f2 e fa . 



^(ffc) = * ffe . 



(6.34) 



(6.35) 
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and given by 



4 V' ^'^^ 2 \^ D + KD'K 



(6.36) 



They satisfy the foUowing commutation relation, 

[fi, fj] C fi+j mod 4 • (6.37) 

Let us denote g — fo and p = f2. Then g is the algebra of the subgroup G of F defining the coset F/G, and p 
corresponds to the bosonic coset component. The other two components, fi, fs, are fermionic parts. 

Now let us discuss a further Z2 decomposition, which defines the group H and the coset G/H. Here we 
shall introduce an element T of the maximal Abelian subalgebra of p by 

T = ^ diag (1, 1, -1, -1, 1, 1, -1, -1) . (6.38) 

The Z2 decomposition is then given by 

f|! = - [T, [T, f,]] , f^ = - {T, {T, f.}} . (6.39) 

It should be noted that this is an orthogonal decomposition, that is 



f = f " e f^ , 

STr(fllf^) = 0. 



(6.40) 



and they form the following commutation relation, 

[f^,f^]cf^, [f^,fl']cfll, [f'l,fl']cf^. (6.41) 

Identify f) = fo", m = fg, a = f2", n = fj. In fact a is the maximal Abelian subspace of p, and the algebra [) 
of the subgroup _ff of G is defined as the stabilizer of T in g, i.e., [i),T] = 0. Together with the commutation 
relations (6.37) and (6.41), one finds these elements satisfy 

[a, o]cO, [0, f)]cO, [(),f)]cf), [m, m]cl), [m, l)]cm, [nt, a]cn, [n, a]cm. 

(6.42) 

For the specific choice of the matrices H , K and T in (6.28), (6.33) and (6.38), respectively, then one can 
uniquely express general elements of m, f), 0, n, fj, f]^, fg and fg in terms of their matrix components. The 
following four components are relevant when we determine the fluctuation Lagrangian of the reduced theory. 
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The subspace m of g corresponds to physical fluctuations in the reduced theory, 






ai — ia2 







as + ia4 



\ a-s — ia4 — ai — ia2 





— 6i + 162 ^3 + i&4 

\ — ^3 + J&4 — &1 — ib2 





ai + ia2 
tta — ian 




61 + ib2 



as + ia4 \ 
— ai + ia2 




hs + ibi \ 



(6.43) 



— 63 + ibi 61 — i&2 



/ 



Unphysical fluctuations he in the subspace f) of g , which should be gauged away or integrated out from the 
fluctuation Lagrangian of the reduced theory, 



^A = 



f)s = 



l1 


V 


\ 




ici 


C2 + iC3 





\ 


-hc + ic-i 


-ici 














iC4 


C5 + iC6 








— C5 + ice 


-iC4 / 


idi 


d2 + iii3 





\ 


d2 + id3 


—idi 














id4 


ds + idfi 








— ds + idg 


-idi J 



The K-symmetry allows us to set fermionic fields to take values in f " , 



where 





2)1 









2)3 



X3 




Xi 



2)i = 



/ 





Oil + «a2 


a-i + iQ4 








—as + iai 


ai — iQ2 


0:5 + iote, 


Q^7 — 2tV8 








^07 + ias 


—05 + iae 





/ 


( ° 





— Q6 — iO-i 


—as — iQ.7 








ds — io'j 


—aij + ias 


02 + iai 


04 — 103 








y 04 + ia-j, 


— Q2 + ictl 





/ 



(6.44) 



(6.45) 



(6.46) 



(6.47) 
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and 



X3 



2)3 



/ l3i+iP2 k+iPi \ 

P-i-iPi -/?i+i/32 

A-. +i/36 -/37 + i/38 

\ P7 + i/38 /35 - i/36 / 

/ -/36-iA -/38-i/37 \ 

-/38 + i/37 /36-iA5 

fh+iPi 'Pi + ik 

\ /34 + iPz f32~if3i / 



(6.48) 



(6.49) 



When we derive the fluctuation Lagrangian for fermionic fluctuations, we rescale components of 5'^ ^ € f" by 
w or «*. 



B Pulsating string in reduced theory 

The equivalence of equations of motion for the quadratic fluctuations in the original string theory in conformal 
gauge and in the reduced theory was shown for an arbitrary classical solution localized in the AdS2 x S^ subsector 
in [24]. In this sector there are many classical string configurations; the pointlike string moving along a big 
circle of S'^, the unstable wrapping static string and inhomogeneous solutions such as pulsating strings, folded 
strings and magnons, e.g., [3, 5, 6, 7, 38, 39, 41]. In this appendix we shall consider the pulsating string in 
_R X S^ as a nontrivial example in this subsector, and derive the Lagrangian for its quadratic fluctuations which 
should be directly compared with the fluctuation Lagrangian found by perturbing the Nambu action in the 
original string theory. 

In section 3 we have shown the fluctuations from the Nambu action are related to those of the tanh model 
by the T-duality transformation and the same as those of the coth model. This variety in the reduced theory 
originates from the freedom in introducing the second field, i.e., S^ for the tanh model or Xa ^'^^ the coth model. 
Because bosonic string theory in i? x S^ is reduced to the sin-Gordon model which possesses a single field (jf^, , 
it is expected that the Lagrangians in the original theory and in the reduced theory exactly match. 

The pulsating string solution in S^ studied in [38, 39] is expressed in terms of the embedding coordinates 
for AdSs X S", 

Y^, + in = e'"" , n = ^2 = , 
X1+X2 =sinV(r)e*'"", X3 = cosV'(r), X4 = X5 = Xg = , 

where m is the winding rmmbcr on S^. The Virasoro constraints give one nontrivial constraint. 



(6.50) 



t/) +rra sin '(/'(r) — k 



(6.51) 



and the equation of motion is also derived by its derivative, 



■ip'^ + — sin 2i!{T) = 0, 



(6.52) 



where the dot represents the derivative with respect to r. 

The detail of the reduction for the case of the AdS2 x S subsector is described in [24]. In the deformed 
gWZW model the AdSs part of the corresponding element in G takes a trivial form, diag(i, — i, i, — i), while 
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the S part is given by 



9 = 



i cos cj>g 








i sin <^g 


\ 





—i cos <j)g 


i sin <^3 










i sin (j)g 


i cos <j)g 







1 i sin (j)g 








—icos<j)g 


/ 



where 



d+Xad-X"' — n cos2(A, 



(6.53) 



(6.54) 



Here we used the fact the mass scale of the reduced theory is n — k. One can check that the classical gauge 
fields A±o totally vanish by solving the gauge field equation (2.f5). Substituting (6.50) into (6.54), then we 
obtain the classical solution in the S^ sector, 



ffo 












K 







V^-^ 


K 




4,2 

1^ 











\ i\/l^ 


^ 


_ii 



(6.55) 



B.l Bosonic fluctuations 



Let us first discuss the bosonic fluctuations. Because the AdSs part of the classical solution takes the trivial 
form in the present case, the bosonic fluctuations in the AdSs sector are massive fields with m% = k^. Then 
their Lagrangian is 

4 

2\ 



Ci =2 2_\ {d+aid-Ui — k a^ 



(6.56) 



Introduce the components fields of the S'' part of the physical fluctuation rj" as follows,' 

f bi+ib2 ki + ihi \ 

-hi + ibi bi - 162 

-bi + 162 63 + ibi 

\ -b-A + ihi -61 -ih2 / 



(6.57) 



As shown in [24] one can partially fix the H gauge such that the physical fields decouple from the unphysical 
fields. Then the resulting Lagrangian for the physical fluctuations is. 



C2 



^ (d+b,d-h - hljj^ - K^j 6?) + d+bid-bA - K^ ( I 



2m^ 



K? — l/)^ 



(6.58) 



The sum of these two Lagrangians in the reduced theory, Ci + C2, is exactly the same as the Lagrangian for 
the quadratic fluctuations found by perturbing the Nambu action in the original string theory. 

B.2 Fermionic fluctuations 

The agreement of the bosonic fluctuations in the original theory and reduced theory requires that of fermionic 
fluctuations. So we shall next check this for completeness. We write down the fermionic fluctuation Lagrangian 



^^Both the AdSs and S^ subsectors of H arc [SU{2)]'^ . Hence component fields of the unphysical parts, 'q^ and 5A±, 
arc introduced in the same way as the case of AdSs X S^ in (3.10) and (3.11). 
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in terms of the component fields of the fermionic fluctuations introduced in (3.21) - (3.25) with v = 1, 

-Cf = 2[E*-i(a.a-a. + ft9-/30 

L . 1 (6.59) 

+2-!/; (— a2/3i + ai/?2 + a4l3-s — Q3/34 + aeft — "s/Se — as/?? + arPs) . 

This Lagrangian can be separated into four parts and each of them is rewritten in terms of a real four component 
spinor *, 

£f = *7"9„* - i/jfra* . (6.60) 

So we find the fermionic fluctuations have the mass term with a coefficient ip, which again agrees with the 
string theory result. 
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